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P

Definition: The class P is the class of problems that can be solved by
an algorithm running in polynomial time.

The running time of an algorithm is a function of the input size.

Computer scientists like polynomials.
p(n) + q(n) =r(n)
p(n)q(n) = s(n)
p(a(n)) =t(n)

Where p,q,r,s and t are polynomials.

P is more or less the class of problems that we can hope to solve for a
reasonably sized input.

In computer science, complexity classes are defined as languages.
Formally, the above class is FP.



NP

A set S is in NP if there is a polynomial time algorithm F' such that

Vw e S, 3z, F(w,z) =1

Vw & S,Vo, F(w,z) =0

Problems in NP can be called puzzles for obvious reasons.



Examples of NP problems

Scheduling:
Given a set of constraints C find a schedule s without conflicts. Thus
F(C,s) = 1 iff s is a schedule without conflicts in C.

Travelling salesman:

Given a fixed budget ¢ and the cost to travel between a list of cities C,
give a tour t with cost less than the budget ¢. Thus F((C,c),t) = 1 iff
t is an appropriate tour.

Knapsack:

Given a list of objects L with their weights and values, is it possible to
find a subset with value at least v and with a total weight of w. Thus
F((L,v,w),s) =1 iff s is appropriate.

Satisfiability:
Given a Boolean expression E, give an assignment to the Boolean vari-
ables xz; such that E(xq,...,zn) = 1. Thus F(E,z) =1 iff E(x) = 1.
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NP-Complete problems

A set is NP-Complete if it is in NP and every set in NP reduces to it
in polynomial time.

If you can solve an NP-Complete problem in polynomial time, then you
can solve ALL problems in NP in polynomial time.

If this is the case we have that P=NP.

All the NP examples that I gave are actually NP-Complete.

T here are several hundred problems that are known to be NP-Complete.
P=NP? is the most important open question in computer science.

There is a prize of 1000000% for a solution.



Search Problem

Searching a database

Given a table T' and an entry vy,
find ¢ such that T[i] = v.

Searching under computable constraints

Given a boolean function F : X — {0,1}
find = such that F(x) = 1.

Note: It clearly relates to NP problems.



Quantum circuits for f

To any function f: X — Y we can associate a unitary transformation

Flz)ly) == |z) |y ® f(z)).
Clearly F = Fi, FFT = FF = 1. Also

Fx)|0) := |z) [f(x))

The quantum circuit that computes F' has roughly twice the number of
gates than the classical circuit computing f.

If f is a binary function, we can also define
F'lz) := (=1)/ @) |z)
again F/ = F't and F/'F'1 = F'F' = 1.



Quantum circuit for f (2)

Flz)ly) == |z) |y @ f(z))

F'|z) := (1)) |g)

From F, we can construct F’ by choosing

1

1Y) \5(|0>— 1)).



Quantum circuit for f (3)

If f(z) =O0...
1 1
Flfv>ﬁ(|0>—|1>) = ﬁ(F|x>|0>—FlfL‘>|1>)
1
— ﬁ(|x>|0>—|x)]1>)
1

= |m)\/—§(|0)—|1>)
— (V@ Loy
= (-1) |>\6(|O> 1))

, 1
= (" |z)) ﬁ(|0>—|1>)
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Quantum circuit for f (4)

If f(x) =1...
1
V2

1

7
= —5() 1) - 2)[0))
(1) = [0)
—5(10) = 1)
= (1@ (10) - 1)

, 1
= (F'|z)) ﬁ(l0>—|1>)

F|z) —=(|0) — [1))

(F'|z) |0) = F'|x) [1))

= |z)

= —lz)
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Grover’s algorithm for N=4

Let f: {0,1}2 — {0,1} with the promise that there exists exactly one
xg such that f(xg) = 1.

We assume that the computation of f takes one day!

Let’'s define the unitary transformation U by
1
U |00) = 5(— |00) 4+ |01) 4 |10) +|11))

U]01) = (400} — |01) + |10) + [11))

2
U10) = ~(+100) +01) — |10) + [11))
UIL1) = _(+100) + [01) +[10) ~ [11))

Clearly this is unitary since the 4 states on the right are orthonormal.
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Grover’s algorithm for N=4

The computation of F/ takes two days.

Grover(f)
o |¢p) = UTF'H®?|00)
e m = Measure(|y))

e return m
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Grover’s algorithm for N=4

If, for example, we have g = 10(= 2), we get
vy = UTF'H®?|00)
1
) = UTF'Z(|00) 4 |01) 4 [10) + |11))

v) = U15(00) +01) - [10) + [11))
v) = [10)

In two days, any classical algorithm will have probability 1/2 of failure.

The quantum algorithm succeeds with certainty.
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Grover’s Algorithm

Grover(f,m)
(W) — H|0)
Do m times
W) — G| W)
Measure |W) and output its value.
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Gf=—-HSHF'

~ _  —|iy ifi=0
Sl = i) otherwise.

Foi) = i) otherwise.
1
H[0) = ﬁ(|0> + 1))
HIY = —5(0)-11)
1 2"-1
Hlj) = Z (—=1)" J3)

V2" 2
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Probability N

1k

Success probability

= 1024 t=1 (bleu),2 (vert),4 (violet)

B

10 15 20 25 a0

Iterations
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Soufflé

18



Intuition

The algorithm is composed of two parts.
F’
This is going to flip the sign of the solution and

—(HSH)

This is going to flip all amplitudes (exactly) over the line defined by
the average of all amplitudes.
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~ N Amplitude

n Do NDNRrORPRDNWwPEO™m

0) 11 [2) [3) [4)15) 16) [7) |8) [9)
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Intuition

If N is very large, at the first iteration, the amplitude of the good state
will go from
1 3
- :> -

VN VN

In the second iteration, it will move from

3 5
- j _

VN VN

If each iteration behaved in the same way, @ iterations would be
enough to increase the amplitude close to one.
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Intuition

Unfortunately, when the amplitude of the good state grows, the ampli-
tude of the bad state decreases and so after some number of iterations
we will not have a full 2/4/N increase in the amplitude.

Although incorrect, this intuitive argument gives a number of iteration
that is close to the correct one.

Let's do the math!
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Iteration analysis

= |X] t = HzeX[f(z) =1}

f(z)=1 f(x)=0
[A)+1B) = ) |z)
reX
(AlA) = ¢ (BIB) = N —t
1
HIO) = —— 3 |2) = Ay 4+ ——|B
0) Wx%;(' ) \/N| ) \/N| )
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Iteration analysis

The initial state before the first iteration is

> ) = —=]4)+

1
H|O> B \/—NxEX \/N

Solve:

P(H |0)) = km |A) + £m |B)
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GrlWV)

Iteration analysis (2)

—HSHF' (k|A) +¢|B))
HSH (k|A) —¢|B))
H(I —2|0)(0)H (k[A)—£]B))

(1= (A + B (Al + (BD) (k] 4) — £]B))

k|A) — ¢|B) + ( ?Vt N -

N -2t  2(N—1)
( 2 2000,

0) (14) +1B)
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T heorem:

Let
sin?0 =t/N
then
(GH™HI0)) = km >, |z)+Llm D |z
f(x)=1 f(x)=0

where

— sin((2m 4+ 1)0)

" Vit

o — cos((2m 4+ 1)0)

e N — ¢t
Proof:

By induction...



When t = N/4

: > t 1
sin(f)< = N2
Thus
9 . T
6
and
sin((2m +1)0) _ sin(w/2) 1

N JNa  JNja

therefore the success probability after one iteration is

> 1
t k1] = (N/4)N—/4
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when ¢t IS Known

T heorem:
When

" Larcsin (F)J - O(\/M)

Grover(f,m) outputs z such that f(z) = 1 with probability at least &,

Proof:

From the previous theorem, the success probability is maximal when
m = (m —20)/40. Let m = [z5] then [m —m| < 1/2 and |[(2m + 1)0 —
(2m + 1)0| <6 and so |cos((2m + 1)0)| < |sin(8)].

Finally (N —t)12, = cos((2m 4+ 1)0)2 < sin(8)?2 = t/N.
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when ¢t 1S unknown

Theorem:
T here exists a quantum algorithm Search that given f with t > 0 finds
x such that f(x) = 1 with expected time in O(,/N/t).

Search(f)

1. m=1,\=8/7

. j€r{0,...,m—1}

. x =QGrover(f,j)

. If f(x) =1 then output x and stop
m = min(Am, vV N)

o g A W N

goto step 2.

Note: we can add a threshold of O(v/N) if we are not sure that there
IS a solution.
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Minimum

Theorem:

There exists an algorithm Minimum that finds xg such that

Ve, T(x) > T(xg), with probability 1/2, with an expected O(v/N) calls
to T.

Minimum(T)

1. zg €r{0,...,N —1}

Define F such that Fi(z) =1 < T(x) < T(x0p)
. x1 =Search(F")

. If T(x1) < T(xp) then xzg «— xq

o R W N

If the cumulative number of calls to T is less
than 25v N goto step 2

6. Output xq.
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Collision

Theorem:
Given G : X — Y a two-to-one function with |X| = N, the algorithm
Collision finds (xzg,z71) such that G(xg) = G(x71) in time and space

O(V/N).

Collision(G)

1. For i from 1 to ¥/N set T[i]=(i,G(i)).

2. Sort T and look for a collision in T

3. Define F(z) =1« (z > VN and G(z) € T)

4. Set xg =Search(F') and z1 such that G(x1) = G(xg)
5

. Output (zg,x1).
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Examples of heuristics

Hill-Climbing: local variations that increase an objective function. Of-
ten very efficient!

Example: 3-Satisfiability, find assignment to {x1,z5, 3,24} that satis-
fies

(x1VaaVas)(21 VerVzz)(aoVaaV xz)
(x1 Va1 Vzg)(xaVrzVaz)(zzVaaV i)

Random assignment:

r1 =1, xo=1, zg=1 and z4 =1
satisfies 4 clauses

local variation 1 =0

satisfies 5 clauses

local variation o = 0

satisfies all 6 clauses!
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Heuristics
Let F be a family of functions of the form
F: X — {0,1} and D a probability distribution over this family.

A heuristic is a function
G:FxR—X.

Let tp = [{|F(z) = 1}|
and hp = [{r|F(G(F,r)) = 1}|

A good heuristic is such that



Heuristics

Let Gl (r) = F(G(r, F))

Algorithm:
Output G(F, Search(G’.))
Analysis:
Warning! In general
1/2
(Z wz) < Z VT

but

> PF = ) ,/—PF\/PF <

FeF FeF

(280 () "~ ()

FeF tp FeF FeF tp
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Counting

The amplitude is a periodic function.
The period is related to t.

When m varies from O to P—-1
kmn draws r periods of a sine function.

sin((2m 4+ 1)0)

km:

Vit
r= PO/x
sin?(0) =%

Use Fourier analysis to evaluate r.
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Basic Tools

Parameterize Grover’s iteration

Glp @ |m)®|W) —|m) @ (Gp)™ W)

Quantum Fourier Transform

Kl
QFTp : k) — ——= S ™P|l) ke Zp
Ly
Note that:
; P-1
QFTpl0) = —= > |I)
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Algorithm

Count(F, P)

1. |Wg) « [0) H="|0)

2. |[W1) < QFTp®I®"|V)

3. [Wp) «— GIp|WVy1)

4. |W3) — QFTH®I9"|Wy)

5. 7 «— measure first register of |W3)

6. Output: = Nsin?’Z (and 7 if needed)
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[Wo)

[W3)

Ny

- (= 5w} (G 2]
2
(z)=1

= 10)10)

2m—1

om_1
|z) +

1
¥ (w JN

2m—1

y=0 F(x)=1 F(x)
We observe x such that F(z) =1
2m_1

— o Y sin((2y+1)0)y)

y=0

= alf) +b]2" — f) +c|R)

2.

F(x)=0

aﬁ)
=0

= Y \/Qm,y>< Yoolx)Flm D

sin2(9) = % f~2"M0/m =~ Nsinz(g—Z}

)
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[Wo)

[W3)

Ny

- (= 5w} (G 2]
2
(z)=1

= 10)10)

2m—1

m
2Mm_1 1

)+

1
o Jom 0 (f
2m_1q

y=0 F(z)=1 F(z)

We observe x such that F(z) =0
om_]

= o Y cos((2y+1)0) |y}

y=0

= alf) +b[2" — f) +c|R)

2.

F(x)=0

aﬁ)
=0

= Y \/Qm,y>< Yoolx)Flm D

sin2(9) = % f~2"M0/m =~ Nsinz(g—Z}

)
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Counting
Main T heorem

Theorem (Counting):
For ¢ = Count(F,P) then

- 27 T2
t —t| < —\/t(N — t —N
£ = < SVt =) + o

with probability at least %.
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Approximate Counting

Counting Problem: given F : X — {0,1} with |X| = N find ¢ a good
estimate of t = {z|F(x) = 1}.

it — 1] Quantum Classical

O(V't) O(V'N) C2(N)

et 0(% g) (X))

<1 |OGHN -8) | QV)
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Other Applications (Sum)

Corollary 4.
Let FF: X — Y with | X| = N and Y an ordered set of n-bit numbers

between O and 1 and let

S= > F(@).

i€ X
There exists an algorithm Sum that output S such that
S -S| < VS
which runs in time O(n?v/N).
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Other Applications (Sum)

Proof:
Let F'(i); be the jth bit of F(3).
Sum(F, N,n) (Christoph Dirr 97)
1. S0
2. For 5 ranging from 1 to n

S — S 4 2/Count™(F}, V' N)

3. Output S.
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Other Applications (Selection)

Approximate Selection Problem:
Given F': X — Y with | X|= N and k, find xzg such that if
K = |{z|F(z) < F(zg)}| then |k — k| < 2nvVE + =°.

Use binary search in combination with counting.

Can be solved in time O(log(N)2v/N)
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