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Why think about quantum games?

. . . because von Neumann pointed us in that direction.

More practically:

Quantum cryptography (to be explained in Daniel Gottesman’s
lectures on wednesday and thursday) can be thought of as a game
played with quantum pieces.

Quantum games only require a few qubits—more like quantum
communication (to be explained in Richard Cleve’s lectures to-
morrow) than quantum computation.

So quantum games are within experimental/technological reach.
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What I will/won’t talk about

There is a connection with quantum algorithms . . . but I won’t say
anything more about it.

Rather, today I want to describe the formalisms developed by Eisert,
Wilkens and Lewenstein, and by Marinatto and Weber,

. . . and their mistakes, as noticed by Benjamin and Hayden.

Tomorrow, I’ll explain what’s wrong with all of this, as emphasized by
van Enk and Pike in “Quantum games are no fun (yet)” . . .

. . . and how to fix it.
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EXAMPLE: The possible sequences of moves in Tic-Tac-Toe are paths
in a game tree:
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Extensive form

Paths terminate at configurations for which the outcome is defined,
e.g.:

and

which have payoffs (1,−1) and (0, 0), respectively.

(When the sum of the payoffs at each outcome is 0, the game is called
zero-sum.)

This is the extensive form description of the game, what we might call
dynamic.
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Strategies

A (pure) strategy for a player is a specification of how to play in each
possible situation.

So a pair of strategies, one for each player, specifies a path through
the game tree:

and hence a pair of payoffs.



Strategic form

The strategic form description of a game (what we might call static)
consists of a payoff matrix with rows indexed by player 1’s strategies
(S1) and columns indexed by player 2’s strategies (S2).

The s = (s1, s2) element of the payoff matrix, us = us1s2
, is the

ordered pair of payoffs that is determined by the corresponding path
through the game tree.

(All these definitions generalize to more than 2 players.)
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Nash equilibria

EXAMPLE: Rock/Paper/Scissors has payoff matrix:





R P S

R (0, 0) (−1, 1) (1,−1)
P (1,−1) (0, 0) (−1, 1)
S (−1, 1) (1,−1) (0, 0)





This game has no pure strategy Nash equilibrium.
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Randomization

A mixed strategy is a probability distribution psi
over a player’s pure

strategies.

A set of mixed strategies, one for each player, is a (Nash) equilibrium
if no player can improve his expected payoff,

E[u(i)] =
∑

s∈S

u(i)
s ps1

ps2
,

by unilaterally changing his (mixed) strategy.

THEOREM (von Neumann): Every zero-sum game has a (Nash) equi-
librium in the space of mixed strategies. While there may be multiple
equilibria, the expected payoffs are unique.
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THEOREM (Nash): Every game has a Nash equilibrium in the space of
mixed strategies.

So the problem of games without a pure strategy equilibrium has been
cured by going to mixed strategies . . .

. . . at the cost of sometimes having multiple equilibria, with different
expected payoffs.
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Multiple equilibria

EXAMPLE: The Battle of the Sexes game (Luce and Raiffa, 1957) has
payoff matrix:

(

F S

F (3, 1) (0, 0)

S (0, 0) (1, 3)

)

(F ,F ) and (S, S) are Nash equilibria. Notice that they do not have
the same payoffs.

So is (3
4F + 1

4S,
1
4F + 3

4S), which has expected payoffs (3
4 ,

3
4 ), also

different.
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Pareto efficiency

An outcome is Pareto efficient if no other outcome has a higher payoff
for one player and at least equal payoffs for all the other players.

Nash equilibria are not always Pareto efficient.

EXAMPLE: The payoff matrix for the Prisoner’s Dilemma is:

(

C D

C (5, 5) (0, 6)

D (6, 0) (1, 1)

)

(D,D) is the only Nash equilibrium . . . but both players are worse off
than if they played (C,C).

We would like to fix this, i.e., get players to Pareto efficient outcomes.
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Quantum strategies

IDEA: Maybe “quantum strategies” could help, i.e., suppose we allow
quantum superpositions of pure strategies rather than only probabilistic
linear combinations.

But this doesn’t help: if the state of the game is

∑

s1∈S1

αs1
|s1〉 ⊗

∑

s2∈S2

βs2
|s2〉,

since |s1s2〉 is the measurement outcome with probability |αs1
βs2

|2 =
|αs1

|2|βs2
|2, we can simulate this outcome with a mixed strategy pair:

ps1
= |αs1

|2 ∀s1 ∈ S1

ps2
= |βs2

|2 ∀s2 ∈ S2.
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BETTER IDEA (Eisert, Lewenstein and Wilkens): Use entangled states.

Create, e.g.,
(

|CC〉 + |DD〉
)

/
√

2.

Allow each player to make quantum operations on their own
“strategy qubit”.

Make some measurement to determine the outcome.

The hope is that entanglement buys you something, and “more” en-
tanglement buys more.
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ELW protocol

|CC〉 7−−−→J
ψ0 = J |CC〉 (entangled)

7−−−→U1⊗U2
(

U1 ⊗ U2

)

J |CC〉

7−−−→J†

ψf = J†
(

U1 ⊗ U2

)

J |CC〉

and then measure in the {|CC〉, |CD〉, |DC〉, |DD〉} basis.

Note: If U1 = U2 = I, then ψf = |CC〉.

ELW: In order to guarantee that this protocol generalizes the classical
game, we identify I with C and X with D, and choose J such that if
both players play I or X, the payoffs are as in the classical game. I.e.,

[J, I ⊗X] = 0 = [J,X ⊗ I] = [J,X ⊗X].
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These conditions are satisfied by J = (I ⊗ I + iX ⊗X)/
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2; this J
creates a maximally entangled ψ0.

With this J :

(U1, U2) =











(I, I)
(I,X)
(X, I)
(X,X)

⇒
|CC〉
|CD〉
|DC〉
|DD〉











= ψf

—but now we can investigate more general unitary transformations Ui.

CLAIM (EWL): (X,X) is no longer a Nash equilibrium, but there is a
(symmetric) Nash equilibrium with expected payoffs (5, 5).

THEOREM (Benjamin and Hayden): There are no Nash equilibria among
pairs of unitary transformations.
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Implications

We should really consider general quantum operations; by standard
game-theoretic theorems about convex, compact sets, there will be
(usually many) Nash equilibria. Some may be better than the classical
equilibria.

Benjamin and Hayden: In 3 or 4 player games there can be unitary
strategy equilibria that are Pareto superior to the classical equilibria.

Tomorrow: So why do van Enk and Pike say this is no fun?


