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Abstract

Using an error models motivated by the Knill, Laflamme, Miitbyproposal for efficient linear
optics quantum computing [Natud09,46-52, 2001], error rate thresholds for erasure errors
caused by imperfect photon detectors using a 7 qubit codgesineed and verified through simu-
lation. A novel method — based on a Markov chain descriptf@aheerasure correction procedure
— is developed and used to calculate the recursion relagsaoribing the error rate at different
encoding levels from which the threshold is derived, maighhreshold predictions by Knill,
Laflamme and Milburn [quant-ph/0006120, 2000]. In par@cuthe erasure threshold for gate
failure rate in the same order as the measurement faillees&und to be above.78%.
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Chapter 1
Introduction

Quantum computation was born when Benibff [2] proposedg$ia laws of quantum mechanics
instead of classical mechanics to perform computation.eMimportantly for physicists, Feyn-
man [6] pointed out, was the possibility of simulating guantsystem by using such quantum
computers — because the state space of quantum systemsressidins that grow exponen-
tially with the number of subsystems involved, they are riotgsly inefficient to simulate with
classical computers.

Much progress has been done on how to perform certain digasituch more efficiently in
quantum computers, as well as how to simulate quantum sgsigtim quantum computers. The
main challenge is to construct physical systems on which somputers may be built. Many
proposals have been put forth, each with its strengths amdtvesses, but the recent proposal
by Knill, Laflamme and Milburn[[118], which uses only lineartays elements and single photon
sources and detectors, is of particular interest for varreasons. First of all, it was believed that
it was impossible to build a universal quantum computer fitorear optics elements because
photons do not interact with each other. This proposalséieavily on state preparation in order
to avoid such a hurdle. Moreover, one of the most succesgflications of quantum comput-
ing, quantum key distribution, would benefit directly fronetconstruction of an optical quantum
computer because most protocols are implemented withadgtienmunication. Quantum com-
putation with non-linear optics, on the other hand, is rniotgs for the photon loss, making it
extremely inefficient.

The main problem in a physical implementation of a quantumpater is its sensitivity to
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error and to the environment. In a classical computer, médion is represented by two different
states,p andi, and such computers can easily be built so that error inndjgtshing between
these two states is insignificant. In a quantum computersthaie may be in a superposition
of these two basis states, sayo) + 3 |1), and when the state is measured, we obfajiwith
probability |2, and|1) with probability |3/2. The information in a quantum computer ends
up being more akin to an analog data than to digital data, #vangh there is only a discrete
number of basis states. Imprecision in devices used for otatipn, the logic gates, has a much
greater impact in quantum information than in classicalimfation. Moreover, it is much harder
to isolate a quantum system from the environment, so thatantion between the two also end
up introducing error into the computation, in an effect kmoas decoherence, which is only
observed in quantum systems.

The linear optics quantum computing proposal also suffera these problems, even though
photons are much less sensitive to decoherence than oty&icahsystems proposed for quan-
tum computation. The reason is that the gates proposedficieat linear optics quantum com-
putation are probabilistic, so that even with infinite psgmn in the linear optics elements, they
may fail. The authors of the proposal have demonstratedoh&ncoding the data carefully,
one can easily overcome the probabilistic nature of thesgafd. However, these gates depend
on single photon measurements, which are known to have lboiesicy, although the gates
described in the proposal can flag when detectors have failddeplace the lost qubit automat-
ically. The natural question then is what is the maximum etehich photons may be lost in
these gates while still allowing for scalable quantum cotapon? The main objective of this
thesis is to answer that question.

This thesis is organized as follows. Chapter 2 gives a bagio/gew of quantum erasure cor-
rection codes and fault-tolerant computation, focusingC&% codes and the stabilizer formal-
ism. Chapter 3 describes the basics of the efficient lineacoguantum computation proposal
by Knill, Laflamme and Milburn, focusing on the descriptiditiwe error model for teleportation
failures due to the inherent probabilistic nature of thedinoptics implementation, as well as
photon loss due to detector inefficiencies. Chapter 4 givéstailed description of the Steane
code, and contrasts it to the Grassl code in the context cériioe model for linear optics quan-
tum computing. Given these background chapters, it becateas how to perform the erasure
correction procedure, and in Chapter 5 a new and compactipiésic of the procedure is given
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in terms of Markov chains. With this description the thrdghs obtained for both error models,

with the detailed calculations being presented in the agiges. In Chapter 6 a Monte Carlo

simulation of the erasure correction procedure is desdyiard the simulation results are pre-
sented and contrasted with the theoretical prediction @p@r 5. The thesis concludes with a
discussion of the results, and suggestions for future work.

1.1 Notation

Some basic notation is assumed in this thesis, and it is prefiewed here. Other notation is
introduced in the body of the thesis as needed, along witlagations.

In order to emphasize the difference between qubits ancphuaimber states, qubits in the
computational basis will be represented with gothic ford, ) and|1), while photon numbers
will be represented in the usual fonts, elg) and|2). Operators acting on the physical qubits
(qubits not encoded by error correction code) are denoteldoly capital letters, e.gX, and
multi-letter operators use typewriter font, e GNOT. Operators acting on thencodedqubits
are denoted in the same way, with an added overbar,>.@nd encoded qubits also have an
overbar, e.g.\‘?> or|o1). Ifitis clear from the context that the operator is encodbd,overbar
IS omitted.

The single qubit Pauli group; = P consists of the operators

0
]> (1.1)
1
o) (1.2)

(1.3)

1
0
0
1

_<
I
— o
o L
~—

—
o

zZ = . _]), (1.4)

along with multiplication byi = v/—1, following the convention in[10]. Under this definition,
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products of Pauli operators are given by

X2 = | (1.5)
zZ? = | (1.6)
YZ = — (1.7)
XZ =Y (1.8)

The Pauli groupP,, overn qubits is given by then fold tensor product of single qubit Pauli
operators along with multiplication Qyti}.
Other common unitary operations are

1 1 1
H = — 1.9
ﬂ(1 _1) 19)
P = 1 O) (1.10)
0 1
1 000
0100
CNOT = 1.11
12 00 0 1 (1.11)
0010
1T 00 O
010 O
CSl GN = , 1.12
12 001 o (1.12)
00 0 —1

whereH is the Hadamard transforn®, is the phase gaté&gNOT, , is the controlledX where
qubit 1, the control, determines the application of’)aron qubit2, the target, an€SI G\; , is
the controlledZ with control and target similarly defined. Throughout thedis,H andP are
taken to be a single qubit operations.

These unitary operations can also be represented by mgadimout Pauli operators. In gen-
eral, given some operattl € P,,, we define

(U)o = e eosY, (1.13)
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where0 is given in degrees. In particular, & = +180°, then the rotations are equivalent to
operators inP,,, and if 8 = +90° the rotation is equivalent to a product &f, P and CNOT
applied to various different qubits.



Chapter 2
Erasure Correction and Fault-Tolerance

A brief overview of erasure errors is given, along with a bdiscussion on the basics of quantum
error correction codes and fault-tolerant computationthla discussion, quantum error correc-
tion codes are referred to asror correction codes Error correction codes over classical data
will be referred to aglassical error correction codes

2.1 The Erasure Channel

A common error model for quantum data is given by a channedfoch there is a finite proba-
bility Pr(Q) of an error superoperat@ being applied to the qubit transmitted. In that case, we
can define the channel by the superoperator

Eolp) = (1= Pr(O))p + Pr(O)O(p), (2.1)

wherep is the density matrix of the qubit input into the channel, amdtake this channel to be
memorylesgthat is, different uses of the same channel are statisticalependent.

In general the corruption of data is reopriori obvious to the observer, and as was described
in the introduction, one must encode the data in special \Wwagsder to detect such corruption.
Under some physical models, however, it is immediately kmaduen some error superoperators
have been applied. The canonical example of this is spootsnemission in qubits represented
by atoms|[1R2], where one may detect the resulting photongdatetmine that the state of the
atom has been corrupted. In general, it is possible to censiié qubit encoding to be a Hilbert

6
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space strictly smaller than the Hilbert space describieggtitire physical system. Say for exam-
ple, the computational Hilbert space is given by

Hq = spalo) , 1)}, (2.2)
but the state of the entire physical system is in the Hilbgaice
H= Spalﬂo) ) ’l> ) |2> y T ’ﬂ)} (23)

Errors that map qubits into the space orthogonaktg in a process known dgakage can
always be detected without disturbing the computationla$pace, and therefore can be consid-
ered erasures, as long as the qubits determined toﬂg iare replaced by fresh computational
qubits. This is, in essence, the case for the linear optigggsal described in Chapfér 3, and it
is the main motivation for this thesis.

Abstracting from the implementation details, we can thifilao erasure channel as an er-
ror channel withside informatiorthrough which the application of some error superoperator i
flagged, and therefore it is known which qubits have beerupted. In that case, because there
is certainty that the error superoperator has been applied;all it anerasure superoperator
and we represent it by a hollowed letter corresponding teetha superoperator applied, @r.
The important distinction being that it is known with centyithat the operator has been applied,
so the probability of the errdd occurring is absent from this description.

The superoperator equivalent to a full qubit erasure, onapdete randomization of the state,
is

1
E(p) = :Z(p+XpX+YpY+ZpZ). (2.4)

The partial erasure superoperators, which correspondrt@lpa@ndomizations of the qubit (a
unique quantum feature) are given by

1

Z{p) =5 (p+ZpZ) (2.5a)
X(p) = 0+ X0X), (2.5b)

corresponding to a possibke error or a possibl& error respectively, and called erasure
andZ, or phase erasure. As will be demonstrated in Chajifier 3, photon logstd detector
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inefficiencies within aCSI GNs in linear optics quantum computing can be modeled as a gate
application followed by transmission over an erasure chhnn
For the rest of this thesis, we will refer to erasure supeawpes that act independently on
multiple qubits aserasure patterns For example, a block of seven qubits where the first is
affected by & erasure, while the last is affected by a full erasure, is salthve been affected
by the erasure pattern
ZRIIell 1 @E. (2.6)

This, in effect, describes a convex stinof Pauli operators acting on seven qubits. These Pauli
operators are known a&sror operators and they represent the actual errors that are detected by
the error correcting procedure. In our discussion, we vall themerasure operatorsvhen it

is known which qubitgouldhave been corrupted. In particular, givEn12.6), measunésmaay
indicate that any erasure operator among

l @ I @ 1 @ I @ | @ | @ |

Il @ I @I @ 1 @ I @ | ® X

Il @ I @1 @1 @ I @ | @ Y

Il @ I @1 @ I @ | @ | ® Z 2.7)
Z Il ol @l !l 1 @ |

Z @l @1 @1 @1 @I @ X

Z @l 1 @1 @1 @ @ Y

Z 1l el 1l 1 &1 & Z

was applied, and given the types of erasures consideregdthenerobability distribution for any
of these erasure operators being measured is always unifByndefinition, the weight of an
n qubit Pauli operator is the number of qubits over which isawbn-trivially. Similarly, the
number of qubits over which some erasure pati&rmayact non-trivially is called theveight

of the pattern, denoteat(W).

LIn this context, we take a convex sum to mean the applicafialifferent Pauli operator®; with probability
Pr(O;) > 0 to a state described by some density matrso thaty_, Pr(O;) = 1, yielding some superoperator

O(p) = )_Pr(0;)0:pO].

Itis clear that[ZK) and(2.5) fit into this category.
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2.2 Conditions for Quantum Erasure Codes

There are special conditions for an encoding of quantumtddte considered a quantum error
correcting code, and they hinge on what error operators a ctaims to be able to correct.
The conditions developed by Knill and Laflamnel[16] are, gigequantum code consisting of
encoded state{&ﬁ}k and correcting a set of error operatQEs)

i=1

(clElEjlc) = (cmlEIEjlcm) (2.8a)
(| ElEjlcm) = Ofor (cilen) =0, (2.8b)

which are known to be necessary and sufficient. If Bheare Pauli operators with maximum
weightt, then this code is a distanée + 1 code.

The knowledge of exactly which qubits have been corrupteeig powerful, and in general
it allows for twice as many single qubits to be corrupted wistill allowing the data to be
recovered. Therefore, given some general error correciag with parametetd[n, k,d =
2t+1]], one will only be able to corredterrors at unknown locations, while being able to correct
at leas®t erasure$ This follows from the fact that there is no need to dististubetween error
operators at different locations because the positionb@ficorrupted qubits are known when
dealing with erasures. With that in mind, Grasslal. [12] derived modified conditions for
quantum erasure codes. In the general Knill-Laflamme cmmdit each of the error operators
are taken to have weight up tpso that the produdE!E; has weight up t@t. Condition [Z8k)
therefore says that valid states disturbed by an error updféEj are scaled and rotated in the
same way. ConditiorL Z8b) on the other hand guaranteesEfEatWill never map orthogonal
encoded states into non-orthogonal states, so that thexatiftf basis states, when corrupted, are
still perfectly distinguishable. Since it is known over WhiqubitsEIEj acts non-trivially, this
erasure operator can also be corrected. Thus one can talik als®t of correctable erasure
operators made up of all produ¢t&! E;} whereE;, E; are correctable errors. If the set of erasure
operators is relabeldd;} then they satisfy th&lodified Knill-Laflamme ConditiondZ]

(clAilct) = (cmlAilem) (2.9a)
(ci]Ailem) = Ofor (cifcm) =0, (2.9b)

2That is, it encodek qubits usingn qubits and being able to correct Pauli errors of maximum ttetig
3The same can be said about classical error correcting codes.




10 Erasure Thresholds for Linear Optics

making it clear that error correcting codes are in fazt erasure correcting codes. Note that
the same general method is employed to identify which ugohgylPauli operator acted on the
data regardless of whether it is an erasure or a general esavill be demonstrated later in
this chapter. For an erasure pattern, however, the quigtisvalvich an operator may have acted
non-trivially are known, so all thA; are only required to come from the same erasure pattern. In
essence, independently for each correctable erasurematiiehe Pauli operators in the convex
sum describing the erasure pattern must satisfyl(2.9aYaa0)(

2.3 Calderbank-Shor-Steane Codes

One of the first large classes of quantum codes to be disabweeee codes based on pairs
of orthogonal classical codes. These codes are ndb%&I codes honor of the discoverers:
Calderbank, Shof]27] and Steafg [3].

To understand how CSS codes are constructed, first we needddygreview some basic
facts about classical error correcting codes [26].

A classical codeC is a set of lengtln vectors ovelGF(2) (the integers modulo 2). Each of
these vectors is called@deword and if this set forms a subspace®F(2)™ then it is called
alinear classical code From here on classical linear codes will be referred to Birap linear
codes. The Hamming weightt(c) of a vectorv is the number of non-zero elements. The
Hamming distance of two vectossy is defined bywt(x — y). Recall that, because we are in
GF(2),1+1=1—1=0, so the operation can be thought of as an elementwise XOR.

A linear codeC with 2% codewords of length is said to be dn, k, d] code if the minimum
weight of a non-zero codeword & — this is also the minimum distance between two distinct
codewords. Because this is a linear subspace of dimemsiare can describe the code by a
generator matrixz with dimensionk x n, where the rows are linearly independent codewords,
and then every uncoded lendthrow vectorv can be encoded into a codewarthy performing
the matrix multiplication

vG =c. (2.10)

The same cod€ may be described implicitly by the codespace orthogona) ©'i. That is, we
can construct a — k by n matrix H such that

He =0, (2.11)
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if ¢ is any valid codeword irt.
The minimum distance of a linear code is important becaugevactor overGF(2)™ can be
associated with at most one valid codeword if it is within arthaing distance of

d—1
t:{—fﬁ, (2.12)

and therefore we call a code with distantat error correcting code. If all we are interested in
is detecting whether an error has occurred or not, we caratelat most — 1 errors, sincel
errors may lead one valid codeword into a different one withieing detected.
Since it is known thatHc = 0 for any valid codeword, if we consider some error veetor
then we have
H(c + e) = Hc + He = He. (2.13)

As long ase ¢ C, this is a non-zero value, and it will tell us that an error besurred — we have
detectedan error. If we assumert(e) < t, then the valuéie is uniquely mapped te, and one
may simple apply to the corrupted data to obtaint+ e + e = c.

Then — k rows ofH are linearly independent vectors that are orthogonal teadiltl code-
words inC, as previously stated. So these vectors may be thought diasisfor the orthogonal
codespac€ (which may share more than the zero codeword With

Consider the case whe@" C C are linear codes with bit long codewords We say that
two codewords irC are equivalent if they differ by an element 6f-. If C is a[n, k, d] code,
thenC+ encodesh — k bits, and by a simple counting argument, it is clear thatethneust be
2k — n equivalence classes @f* in C. We define the quantum superpositiog, for some
ce C,tobe

|1c> -

1
lc+u). (2.14)
\AGHE;

This is, in effect, a superposition over the equivalencetmntaining. It is clear that ifc; and
c, are non-equivalent classical codewords

(i, [ie,) =0, (2.15)

and since there ak—n of these, we consider the space spanned by collection ajsgilplei.)
to be a[n, 2k — n]] quantum code. Since the codeword< adire guaranteed to have minimum

4This is not the most general CSS code construction, but fioplgity we restrict ourselves to this case.



12 Erasure Thresholds for Linear Optics

distanced, [i.) will always be orthogonal to a state resulting from the aggilon of less tha
bitflips, or X operators.
Applying the qubitwise Hadamard transform [o{2.14) oneist

i) = > (=1, (2.17)
\/E ucC
which is a superposition over codewords ©fwith relative phases dependent on Again,
becauseC has minimum distance, if we apply less tharl bitflips to }{C> we obtain a state
orthogonal to it, which is not the case if we appl\bitflips. Because we are in the Hadamard
basis, that means that thig) basis can withstand at modt— 1 phase flips, oZ operators, and
the error will still be detected. By analogy, we define thib#oal[n, 2k — n, d]] quantum code,
since there are weiglit Pauli operators that cannot be detected as errors.

2.4 Stabilizer Codes

Developed by Gottesmadrni[8], and by Sloane, Shor, CalderbadkRrains[25] under a different
formalism, stabilizer codes are a class of quantum codes ima@der than the one described by
CSS codes.

The basic idea is to define an Abelian subgrSuyf then qubit Pauli grougP,,, and to take
the common eigenspace with eigenvalue +5 @fs the code spacé. is called the stabilizer of
the code, since any operafdr € S and encoded sta¢@> gives

M [B) = [P) (2.18)

that is, all elements o act trivially on the codespace. It can be shown the Hasn — k
generators, then the codespace has dimen&icand therefore it encodésqubits.
Now consider an error operatbre P,,. If for someM < S we havé (M, E} = 0, then

ME [{) = —EM [) = —E|) (2.19)

5By using the identity
(2.16)

D (et =

ceC

2k jffuecCt
0 ifu¢gcCh

5Recall that A, B}, the anti-commutator betweénandB, is defined agA, B} = AB + BA.
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SOE }@ is a—1 eigenstate oM, and this can be detected by measufihgGoing back to the
modified Knill-Laflamme conditions for erasure correctiong finds that ifA; € S, then [Z.9h)
holds, since

(il Ailey) = (cifer) =1, (2.20)

for any encoded statés,). If {A;, M} = 0 for someM € S then [Z9b) holds, since
<C1| Ai |Cm> = <C1| AlM |Cm> = — <C1| |\/|A1 |Cm> = 0. (221)

S0 we can restrict ourselves to looking at the commutatitatioms of erasure operators to de-
termine their correctability.

2.4.1 CSS Codes as Stabilizer Codes

From the basis state representation of CSS codes, we canihé the stabilizer of the code
should be. Recall that the equivalence relation that deftmei$.) in (ZI3) is that if two code-
words inC differ by an element o€+, then they are equivalent. Clearly, if we add some C+
to each of the classical codewords|ip) the state remains unchanged — all codewords remain
in the same equivalence class. We can take this operatiom adii flip operatoiVy, obtained
by replacing eack in w by anl, and eacH is replaced by aiX, all elements concatenated by
tensor products. This is a set of bit flip operators in theibzai, and they can be generated by
then — k linearly independent bitflip operators obtained fromthe k generators o€ .

Looking at the Hadamard basis description of the CSS codgives in [Z.1F), we notice a
similar fact, with a little more algebra involved. Againwie apply a bit flip operatow x based
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on a codewordv € C*, we obtain

Wy lie) = —= ) (-1)""h) (2.22a)

_ \/E Z c uw'—cw |LL/>

u'eC

:\/le e /)

u'eC

Wy i) = |ic) (2.22b)

ThusWy stabilizes theﬁc> as well. In the computational basis, this operator is thess@xcept
that theXs are replaced b¥s, so we write it as the operatdr,. Again, there are. — k linearly
independent operators such as these, since there-are generator codewords fai.

Taking all the possibl&/; andWy, we have2n — 2k linearly independent generators, and
we haven qubits. Thus, with these generators we encade (2n — 2k) = 2k — n qubits,
which is exactly the number of qubits that the CSS code ers;atetheNV; andWy generate
all stabilizer operatorf the CSS code.

For any self-orthogonal linear codewith parity check matriXd, we obtain a CSS code with
stabilizer generators obtained frdmas described in such a way that we have k generators
that are tensor products of oni§s andls (what we call theX stabilizers), anch — k generators
that are tensor products @6 andl's (what we call th& stabilizers).

2.4.2 The Normalizer and the Heisenberg Representation

There are Pauli operators that commute with all elementh@fstabilizerS but that do not
necessarily leave the codespace invariant. That is, tmerepgerator®© < P,, such that

YM €S, [M,0] = 0 (2.23a)
Ofp) = «afx), (2.23b)
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where@) ,[X) are encoded basis states (possibly equal)oard+1. The set of such operators
is called thenormalizer ofS, denotedN(S). Operators inN(S)/S are errors that cannot be
detected because they map valid codewords into differditt ¥adewords, and because of that
they can also be seen as encoded operations on the encodediddact, they are the encoded
Pauli operations acting on encoded qubits.

Observing the evolution a8 andN(S) under the action of different unitary operators can
be used to determine the behaviors of certain types of ¢&cand it is especially helpful in
constructing encoded operatiofsl[L0} 33]. This is what ieddhe Heisenberg representation
of qguantum computerf®], since it is based on the general idea of tracking the wdian of
the operators ilN(S) — S simply being a particular subset df(S) — much like one tracks the
evolution of operators in the Heisenberg picture of quantaechanics. The general idea is to
observe how some operatdvk; € N(S) evolves under the action of some unitary operatpr
by noting in particular that

UMW) = UM;UTURp) (2.24a)
UM;M;UT = UM;UTUM;UT. (2.24b)

We may interpret{Z.24a) as a statement of wMais mapped to under the action 0f so that,
for example, we may know how its eigenstates get mapped uhdexction ofu. On the other
hand, [Z24b) allows us to restrict our attention to a geimayaet of unitary operations — the
action of the generated group follows by linearity.

However, in general, a unitary operator will not map a Papkrator into another Pauli
operator. We can consider, however, a particular classitdmyroperators that is very useful.

Definition 1. TheClifford Group , denoted,, is the set of unitary operators that maps the Pauli
group into itself under conjugation11]. That is

e, = {UlUOU' € P, forall O € P,}. (2.25)

SinceS C P, andN(S) C P,, we can consider circuits made up of gate€ and the
Heisenberg representation allows us to monitor the evwiudf the encoded states by observing
the evolution of operators that generate the encoded Re (s

G, is finitely generated by the Pauli group plus the Hadamé&tdthe phase gat® =
diag(1,1), and theCNOT. If we restrict our attention to the action of these gates,easily
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find how any normalizer is transformed. For the purposesisfthiesis, it suffices to look at the
action of the generating set of unitary gate€ef
The Hadamard gate maps the Pauli operators as

HXH = Z (2.26a)
HZH = X, (2.26b)

so that, for example, we may considenarollowed by aH to be the same astafollowed by a
Z. This, in fact, is a very useful tool in observing the progagaof error operators in quantum
circuits. The mappings for the other gates in the genera@hgfC, are

PXP' = iY (2.27a)

PZP' = Z (2.27b)
CNOT (X ® )CNOT;, = X ®X (2.27¢)
CNOT,(I ® X)CNOT1, = 1®X (2.27d)
CNOT1,(Z®1)CNOT;, = Z®| (2.27€)
CNOT;,(1 ® Z)CNOT,, = Z®Z, (2.27f)

along with the identity

(1 ® H)CNOT, (1 ® H) = CSI G\, 2, (2.28)

will be used extensively in the construction of fault-talet encoded gates in Chapiiér 4. Note
that if we consider instead rotations about Pauli operatben all90° rotations and its integral
powers will also be ir,. These, however, are just a different representation ajabes that can
be generated by the set of gates described above.

2.5 Erasure Correction Procedure

The process of erasure correction hinges on the measureire stabilizer operators for the
code, like in error correction codes, but now there is theaekhowledge of where the erasure
occurred. Here we follow an approach proposed by Zalkh [88]tzased on the work of Shor
[26]. The general idea is that, given a single erasure in asuee pattern which may include
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several, one attempts to measure a stabilizer that adallirion all other erasures, but that acts
non-trivially on the erasure that is being targeted for eation — what is called theorrection
target— and on qubits unaffected by erasures. The outcome of theurezaent, which is de-
scribed in more detail in the next section, indicates whictioa must be taken to correct the
erasure.

In the case of & erasure, it is necessary to determine wheth&rexror has indeed been
applied, or if the identity has been applied. Thus, it is sigfit to measure a stabilizer operator
with anX on the same position as the correction target. In the caséutif@rasure, the erasure
needs to be corrected in two separate steps. The reasomfas thear by noting that

X(Z(p)) = 7 (Z(p) + XZ(p)X] (2.29a)
= %(p+XpX+ZpZ+YpY) (2.29b)
— E(p) (2.29¢)
= Z(x(p)), (2.299)

so we may consider a full erasure to beXaerasure followed by @ erasure. First we measure
a stabilizer with & on the correction target position, and correct forxaarasure, and then we
measure a stabilizer with)a on the correction target position, correcting foZ @rasure in that
position.

When considering a single erasure, there is no different@das choosing to correct the
Z erasure or th& erasure first. However, when considering an erasure patiatrconsists of
multiple erasure of multiple type, the best strategy is t&ermchoice that is least likely to lead
to an uncorrectable error. This depends both on the erroehawdl on the code being used, and
will be discussed in more detail in Chapliér 4, after bothdshiave been introduced.

2.6 Fault-tolerant Computation

We would like to be able to perform useful computation on anquia computer regardless of
how long the computation is or how many qubits are involvadpsy because we would like to
solve many different types of problems, of different conxiles, with different input sizes. If
one expects the error rate of the quantum computer to bealigtlow enough so that errors are
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unlikely to occur during computation, one finds that the ataiele error rates are dependent on
the size of the computation. Thus, we’d like a means to perémy useful quantum computation
even in the presence of a fixed probability of error for eadl.gahis is what is generally meant
by fault-tolerant quantum computation

Encoding the data to resist error operators is not enougtaithrthis objective. If, in order to
do computation, one was required to decode the data, pedommputation, and then re-encode
the data, there would be no protection from the noise andh#geace during the computational
step. Universal computation with the protection of errarection codes is not trivial, however,
since it requires that the encoded operations necessamif@rsal computation be identified. It
is not even sufficient to perform these encoded operatiomedaity, because it is possible that the
computation still allows errors to propagate in a catastiogay — it could be that even during
a step where no errors have occurred, careless computatidohteke a correctable error into an
uncorrectable error. The canonical example of this iSGRET gate. It has been stated before
that CNOT is in the Clifford group, and the exact mapping it performss-saen in the previous
section — does not preserve the weight of length two Pauliadpes. Clearly, if we perform the
CNOT between two qubits of the same code block, we run the risk@tasing the weight of
the error, possibly leading to an uncorrectable error, evieen none of th&€NOTs fail, simply
because the data contained errors that were propagatddssiye A general rule that can be
extracted from this is that we do not want errors to propagéttan a code block, so we do not
allow for qubits in the same code block to interact with eatifen This, essentially, translates
to the requirement that encoded gate operations be trazadvethat they operate qubitwise on a
code block.

2.6.1 Fault-tolerant Stabilizer Measurement

In stabilizer codes, in order to determine which error héectéd the data, one needs to measure
some subset of stabilizer operators, and in general thdisgalgenerators suffice. According
to (Z19), we know that a detectable error has eigenvalleOn the other hand, the absence of
errors or undetectable errors have an eigenvallieso we can use the phase kick-back quantum
circuits to measure the eigenvalue of the data, as depictEdyure[Z1L. The control qubit will
be in the statéo) + |1) after the Hadamard gate. Becaudeis a stabilizer of the codespace,
whether it is applied or not does not affect valid data ataail] if there is no error (or if the
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o HH)

Figure 2.1: Quantum circuit for measuring the eigenvalua stiabilizer operator.
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Figure 2.2: Quantum circuit for measuring the eigenvalua wfeight three stabilizer operator
M = M; ® M, ® M3 fault-tolerantly. This generalizes in the obvious way ftabslizers of
higher weight.

error commutes wittM), both control and data are unaffected, the second Haddonizugs the
control back tdo) and that is the state that is measured. If there is an errbattimommutes
with M, then the control will be in the stale) — 1), and the second Hadamard will bring it/ 10
which is then detected. Thus, clearly detecting)andicates commutation, while|a) indicates
anticommutation.

Because the data is made up of multiple qubits, and the iitélcts non-trivially over more
than one of them, the circuit in FiguEeP.1 is not fault-taler This is because if one of the
CNOTs orCSI GN\s (for Xs andZs in M respectively, not shown in the figure) fails, it can cause
an error on the control bit, which is shared by all the otherticmled operations on other qubits.
For example, if a failure occurs on the first controlled oierg all other qubits over whiciv
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acts non-trivially will be affected.

The solution for this problem is quite simple. If we replale single control qubit by a group
of qubits, one for each controlled operation needed to nredba stabilizeM, and interact with
the data transversally as depicted in Fiduré 2.2, there tatestrophic error propagation. In this
case, the control lines need to be replaced by a 'cat’ sthtkedorm

o)™ +11)°™, (2.30)

wherem is the number of qubits over whid¥ acts non-trivially. If the error anticommutes with
M, this cat state will develop a relative phase-df.

0) @™ — |1)®™, (2.31)

Recall, however, equatiof {Z]17), and takéo be them bit repetition code —that is, a code that
maps

0 — 00---0 (2.32a)
—

m times
1T — 11---1. (2.32b)
—

m times

If we apply the qubitwise Hadamard 0 (21 31), we obtain a gup&tion of odd weight binary
strings, and by measuring and computing the parity clalbgieae can fault-tolerantly detect that
an error has occurred.

The use of cat states is necessary because it ensures thidbmoadtion about the state of
valid data is transfered to the ancilla. This is importardshese by measuring the ancilla we do
not want to collapse the superposition of valid encode@staith no errors.

2.7 Threshold Theorem

Once the data is protected by an erasure correction cod@yabability of erasure on the en-
coded data may still be unacceptably high. One way to getnarthis problem is to perform
concatenated codinghat is, encode the encoded data once again. Say, for esamglhave

a codeC'" with parameterg[n, 1, d]]. By concatenating the code with itself once, we obtain
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a[[n?, 1, d?] code which we calC®, on which erasure correction can be seen as erasure cor-
rection on each level of concatenation separately. It &@gttforward to see why the minimum
distance scales in such a way.dfhas as its encoded operatdtsandZ, then by replacing the
uncoded Pauli operators by these encoded ones in the atalifiC, we obtain a new codé?,
which also includes the-fold Cartesian product of the stabilizer 6f This procedure can be
repeated. times to obtain the concatenated cati®) with parameter§n’, 1, d].

ConsiderC" once again. If the qubit erasure ratecisthen we can write the block failure
rate as

N
eV = Z ciel, (2.33)
i=d

wherec; are integer coefficients dependent only on the erasureatmmeprocedure and We
are only interested in the cade> 2, since we want to be able to correct at least one erasure. This
recursion relation can be calculated by analyzing how eessare introduced during the erasure
correction procedure, and how this may lead to an uncotvkctasure pattern in a code block,
what we call afailure. In theory, one often assumes that erasure correctionampted until
the data is erasure free, leadiNgto be infinite. In practice, however, only a certain maximal
number of erasure correction steps are attempted, pladingrad onN.

Taking only the first term of the recursion relatiqn (2.33% @an approximate the concate-
nated block failure rate as

e~ ched . (2.34)

In the case that!" < e, then [Z31) indicates that the error rate of a concaterzidd will
drop doubly exponentially with, while the size of the code block grown exponentially. This i
in essence, what is called theeshold theorenfl, [19,[23], which holds under various different
conditions, but for our purposes it suffices to say that tieam limitless supply of fresh qubits,
that the base erasure rate is independent of the size of ihi@tciand that the probability of
erasures on the different gates are independent. The vilaevbich gives lim_,,, e = 0

is called the erasure threshold, and obtaining such a valtleeimain focus of this thesis. In
practice, this can be taken as the value @fhich givese!' < e, as long as we assume that gate
failures are independent, that the gate failure rate doedepend on the computation size, and
that fresh qubits can be produced on demand. A much mordeatetkascription of how to obtain
the recursion relatioh {2.B3) and how to extract the thriekivdl be given in Chaptelrs.



Chapter 3

Efficient Linear Optics Quantum
Computation

A very brief overview of the efficient linear optics quantuongputing proposal by Knill, Laflamme
and Milburn [18] is given, focusing on the behavior instedthgplementation details. From that
description, an error model is derived.

3.1 The Knill-Laflamme-Milburn proposal

One of the earliest proposals for a quantum computer, pth for Chuang and Yamamota [4],
described a system where qubits were encoded in two photaesne the so calledual rail
encoding In order to differentiate quantum states representinggrhoumber states and quan-
tum states representing the qubit, we follow the convertgfarsing the standard font for number
states, and the gothic font for qubits, so that the dual rabeding of theith qubit would be
represented by

0)i = 10} 1)y (3.1a)
) = 1 0)s, (3.1b)

wherea; andb; are the modes corresponding to qubiThe main motivation of using photons
to encode qubits is that photons do not decohere as easilgstother physical systems used to

22
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implement qubits, simply because photons can easily be noadlet interact strongly with the
environment.

One can use very simple optical elements to perform singbét gyerations, and this was
constructively proven well before the Chuang-Yamamotgpsal [24]. The elements used are
calledpassive linear optics elemengnd they are comprised of beam splitters (partially raflect
mirrors) and phase shifters (delays). These elements havproperty that they preserve the
number of photons, and their behavior can easily be desthpéow they transform the photon
creation operators of the modes involved.

However, it is very hard to make a universal set of quantunesgyatin any universal set
there is at least one entangling gate that requires theatten of different qubits, and if the
qubits are encoded as photons, it is very hard to constrett gates without using non-linear
media to mediate the interaction. [ [4], a Kerr non-lineadmm was proposed to construct
entangling gates, but Kerr media are notorious for having Wgh loss. Even measurements
that require an implicit interaction of the qubits, such afl-Basis measurements, are impossible
to perform without failure[[21]. It was thought that thesetfacomprised an informal “no-go”
theorem for linear optics quantum computing, and variouwgppsals that attempted to build
quantum computers out of linear optics were shown to reguirexponential amount of physical
resources.

When Gottesman and Chuamg][11] demonstrated that faeitaioi universal quantum com-
putation could be performed by using quantum teleportadiwh state preparation, this picture
changed. The state preparation required for this gate mmisin scheme depends only on the
gate being implemented, not on the inputs to the gate, saofttiedre is a way to prepare these
states offline, linear optics quantum computation can idtbesgperformed (a fact that was pointed
out in [11]). One just needs to keep trying to prepare thigestantil the preparation succeeds,
or maintain many copies of the successfully prepared states

Building on these ideas, Knill, Laflamme and Milburn put fomwhat is now commonly
referred to as the KLM proposal for efficient linear opticsaagtum computation [18]. This
proposal uses single photon sources and detectors, lipgas,0and post-selection based on
measurement outcomes.

There are two crucial parts of this proposal: the state pegjom, and efficient teleportation.
It was shown that one can build a non-deterministic nonalirsggn change operation on a single
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photon mode, with knowledge of success or failure, using bnéar optics and measurements.
This gate, calledNS 4, in effect performs the transformation

0) + (1) +12) — [0) +11) —2), (3.2)

with a finite probability of success, which is detected by sugsng some ancillary modes in the
gate construction. Loose bounds have been placed on thessupoobability of constructions
of this gate using only linear opticsJ15], and it is knowntttreese gates cannot succeed with a
probability of% or more. One can construct a controlled phase flip, also krasaen controlled
sign orCSI GN, using applications of th&lS_; and linear optics elements on the dual rail en-
coding. Direct computation with these gates is not scaJdhleusing the teleportation scheme
proposed by[[1/1], scalability is achieved by using thesegatly in state preparation, where
numerous attempts can be made until the gate performs tiredleperation.

There is still the problem of how teleportation is performdd the standard teleportation
protocol, one needs entangled qubit pairs, which can beapedpoffline, as well as Bell mea-
surements. We have mentioned already that [21] showedubhtreeasurements are impossible
to perform without probabilistic failure — in fact, one cantrdistinguish between two of the
states in the four state Bell basis, and because of that rtt@bility of failure cannot be made
less tharb0% if the input states are chosen uniformly over the Hilbedcgp The alternative
proposed in[[118] is to use a modified protocol that relies @pieparation of a larger ancillary
entangled state, the application of a Fourier transforroliitg the data to be teleported and
the prepared state, and measurement of the ancillary stdatesFourier transform can be im-
plemented efficiently using only linear optics. Given anibawy state consisting oN qubits,
this teleportation protocol succeeds with probabiﬁEyL, a great improvement over the standard
teleportation protocol. Note th&f = 1 is the base case Wit%] probability of success. This
means one qubit is used for the teleportation, which seerdsagree with the knowledge that
a Bell state is necessary for teleportation. However, onty ¢f the four modes needed for the
two qubitCSI GN operation interact with thBlS_; gates, so those are the only modes that need
to be teleported, and each one requires two modes in a Be| s¢gulting in one qubit per mode
teleported.
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3.2 The Error Model

Errors are introduced into computation in efficient lineatics quantum computation through
various sources: failure &SI GN, photon loss, and finite accuracy of phase-shifters and beam
splitters,etc Here we consider only failures during the application a2l GN that can be
detected by measurement of the ancillary modes. In effigistjg not a detection of the failures
of the NS_; gates, but instead a detection of failures that occur duhegeleportation of the
qubits that realizes th€SI GN given the appropriate ancillary state. TN8 ; gates are used
only in the state preparation for the teleportation, so we @aoose to simply not use states
resulting from failures of these gates.

Two failure modes are discussed here: teleportation &sltinat are inherent in the protocol
because of limitations in linear optics, and failures du@lioton loss at the detectors during
teleportation.

3.2.1 Error model for ideal hardware

Assuming that all linear optics elements, all detectors @hdources are perfect, failures are
still possible in the KLM proposal. This is due to the factttheleportation succeeds with a
probability less than unity, although these failures aneagbk detected.

Consider how th&CSI GN is teleported, abstracting from the details of linear aptas de-
picted in FiguréZ311. The basic idea is to consider the tetapion of two qubits, followed by the
application of aCSI G\ between them. The commutation relation€<C8l GN and the gates used
for teleportation are used to rewrite the circuit in such g Wt theCSI GNis applied between
the prepared states used for the teleportation — see SEcficgh

In general, the corrections dependent on the measuremeanoes must be applied to both
qubits being teleported. However, it has been shown thattie preparation can be modified so
that, if the teleportation of either qubit fails, it affectsly that qubit. The protocol can be further
engineered in a manner such that the failure can be takervéodtaurredafter the teleportation
[18]. The effect of this type of failure, which is always detied, is that of & measurement
of the qubit that is being teleported, with the measuremattame made evident through the
measurement part of the teleportation protocol. This acedth probabilityNLH, whereN is
the size of the ancilla state, which in the cas@of- 2 is simply the Bell state\}—j (Joo) + [11)).
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T

(a) Teleportation followed by &SI GN\. (b) CSI GN commuted backward into the pre-
pared state, which is equivalent to (a).

Figure 3.1: The teleportation of @SI GN gate [11/1B]. The statdBy) are, in the simplest
case, the Bell pail%2 (Joo) +[11)). The two qubit measurement is performed over the Bell
basis. Different Pauli corrections are applied to the oulpudepending on the measurement
outcomes, and this is indicated by the wider lines connectéige Pauli gates.

One could, in principle, simply ignore the measurement @uite and take the teleportation
failure to be aZ erasure, because the distinction between the two is cédssformation and
classical processing, which we take to be perfect. Formilly can be shown by the following
proposition.

Proposition 1. A projectiveZ measurement of unknown outcome at a known location is equiva
lent to a phase erasure.

Proof. Expand the probabilistic application of the two possiblej@gction operators for the
eigenvectors of

Z, = ~(1+2) (3.3a)

N =N =

Z_ = —(1-2), (3.3b)

onto a density matriy. The probability of the outcome being thd eigenstate of is denoted
by Pr(Z.), and for the—1 eigenstate is PEZ_), and sinceZ, +Z_ =1|,PrZ,)+Pr(Z_) = 1.
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Ignoring the outcome of the measurementyill be transformed int&(p) described by

Z(p) = Z.pZ,+Z pZ_ (3.4a)
= 2(1+2)p(1 +2)+ 11 —=Z)p(l — Z) (3.4b)
= 1(p+2p2), (3.4c)

which is aZ erasure, as claimed. O

In this case, one would need to take the approach outlinedatid®Z.6.11, and in the case of
a CSS code, one would need to measur¥ atabilizer in order to determine the syndrome of this
erasure. This requires the application@GNOTs, and since they are constructed fr@3l GN\s
conjugated by Hadamards (see Sediion?.4.2), it is cleatttbaype of erasure introduced would
be anX erasure, not & erasure. This is of particular importance for codes thatardyncorrect
Z erasures, like the codes used to obtain(tsethreshold[[14/17], because it would lead to an
immediate uncorrectable failure. In our case it desirablavbid introducing different types of
erasures, in order to simplify the analysis in Chapter 5.

In order not to introduce another type of erasure unneagssae cannot use the standard
fault-tolerant stabilizer measurement from the previduapter. Instead, we extend a technique
used for correcting measurements, which is described in detail in the next enapt

For the purposes of describing the error model during coatjaut, it suffices to say that each
CSI GN has a probability; of performing an unintentiona measurement at either the control
or the target qubit, independentlyFor simulation purposes, we can model this @Zsexasure at
either target or control qubits independently, since frodherasure, with perfect detectors, one
can easily obtain the measurement value without incurrimgaast. Thus, with the first qubit
being the control and the second being the target, the ermdehwill be taken as

control failure : Z® | (3.5a)
target failure : | ® Z, (3.5b)

were the failures are taken to occur independently with @bdlty e;. Details of how the mea-
surement outcome can be used to aid the correction stepengiMen in Sectiof 4.71.3.

1The subscript standing for “ideal”.
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3.2.2 Error model for lossy detectors

Still assuming infinite precision in the parameters of thaggashifters and beam-splitters, we
can consider the possibility of photon loss due to detecteificiencies. The dual-rail encoding
of qubits ensures that as long as a qubit is properly encdteck is in total a single photon
between the two modes corresponding to the qubit, and sinearloptics preserves the total
photon number, measurement of ancillae allows for the tleteof leakage from the dual-rail
encoding.

In the original proposal for efficient linear optics quantocomputation, a robust teleportation
protocol calledRT; is described. This protocol has the property that it is abledtect the
usual teleportation failures as well as photon losses hotime qubits used for teleportation
(ancilla or data) as well as in the detectors. Like any pdesdibhear optics implementation
of teleportation, this teleportation circuit has only a tenprobability of success even in the
ideal case, and the ancilla measurement outcomes willatelihis type of failure that is not a
consequence of photon loss. In the case of photon loss, leoytke measurement outcomes will
be different from the case of ideal failure, and as a sideceffee modes of the qubit at the output
of the teleportation are replaced with a fresh dual-railogiec! qubit in a fixed staté[lL8]. This
replacement by a fresh qubit corresponds to a total lossafiration about the state of the qubit
over which teleportation failed. We know that in the caseailiife without photon loss we can
model the output by a phase erasure, as demonstrated pigyiaut in the case of failure due to
photon loss, we have the ingredients of a full erasure: kedge of where the failure occurred
(through the outcome of the ancilla measurements), and ledenloss of knowledge about the
state of the qubit.

We have already seen that in the case of a phase erasure,hih¢etgportations realizing
the CSI GN are affected independently — if the teleportation of thetmdrqubit fails, it does
not imply that the target qubit teleportation fail, and wieasa. This is not the case for the full
erasure type of failure. Consider the teleportation of twargum states, and the subsequent
application of aCSI GN as in Figure[311. Taking a worst case approach, photon lofisein
control part of the teleporte@SI GN (top half of the figure) induces & error at the bottom
whenever there is aX error at the top as well (this includéserrors, since it is a combination
of Z andX errors). A similar effect is observed in a photon loss ataapart of the teleported
CSI GN. Clearly there is a classical correlation between the typesrors at the top qubit and
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the types of error at the bottom qubit — however, photon lgssis independently at the top and
bottom part of the teleportedSI GN. Assuming perfect and instantaneous classical processing
and communication, we could exploit this correlation inesrth reduce the number of syndrome
measurements that need to be performed. Ideally, be€&gigaNs are only applied transversely
between different encoded blocks, one should choose tonpedyndrome measurements on the
block with fewer erasures, since one is less likely to indaéalure that way. In our worst case
approximation, however, we ignore this classical corretabetween the two encoded blocks of
data, and we will restrict ourselves to the partial desimipof the two qubit output. Thus, taking
the combined output to theéSI GNto bep, and the control and target states to be the result of a
partial trace ovep, that iSpcontrol = tTtarge® @8N Prarget = trcontroiP, OUr €rror model can be seen
as each type of failure inducing independent superoperatothe qubits as follows

: —E
control failure : { Peone (Peontal (3.6a)
Ptarger— Z( ptarget) .
. —7Z
target failure : Pcontrol (Pcontrol) (3.6h)
Ptarger— E( ptarget) .

Again, we assume that the probability that a photon losar@ihas occurred in either telepor-
tation is independent of the probability that a failure hasusred in the other teleportation.
Moreover, we assume thatly failures due to photon loss occur in this model, and we assume
the probability of photon loss in a teleportation is givendpyinder this modél

3.2.3 A mixed model

In general, depending on the gate construction, the prbtiebiof ideal teleportation failure
and photon loss determines the error operator for failurthefqubit. However, in order to
place a bound on the accuracy thresholdday gate construction, we consider only the end
cases, Rideal failuréfailure) = 1 and Pfphoton loss failurgailure) = 1, which are the cases
described above. It is important to emphasize thattwo error models are very differentin
one case we havé measurements with known outcomes occuring independengiyheer qubit

of the CSI G\, while in the other we have, under our worst case approxonaboth full andz

2The subscript standing for “lossy.”
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erasure occuring at either qubits of t88I GN. The actual error model will be a probabilistic
mixture of the two models considered here.

We can restrict ourselves to considering only the end casemuse, as will be demonstrated
in later sections, the erasures that follow from photon g a higher cost than temea-
surements of the ideal model (i.e. more teleported gates twebe applied), so the threshold
for any mixed error model will fall between the thresholdstloése two end cases. This also
provides further motivation for using essentially the saxmection procedure to correct bath
measurements afierasures, since it simplifies and reduces the circuitryifsogmtly.



Chapter 4

Candidate Codes

In this chapter a comparison is drawn between two small C88s;@mne being the Steane code,
a[[7,1,3]] code often used in threshold calculations for general griamd the Grassl code, a
[[4,2,2]] code that is the smallest single erasure correcting codef @scriptions of universal
sets of gates, as well as details of the erasure correctameg@ure, are given in order to justify
the preference for the Steane code.

4.1 Steane Code

The Steane codél[8,127] was one of the first CSS codes to bevdigeb Is it based on the
[7,4, 3] classical Hamming code and its dual, ti7e3,4] Simplex code, yielding &7, 1, 3]]
quantum code that allows for very simple fault-tolerant pomation. The 7-bit Hamming code
has parity check matrix

Hiza3 = | 1 (4.1)
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so following the CSS construction of self-orthogonal dieeiscodes in Sectioh2.4.1, we find
that the stabilizeb is generated by

M = X @ X @ X @ X1 @1 @I
M, = X @ X @ | @ | @ X @ X @ I
M3 = X @ | @ X @ | @ X @ | @ X 4.2)
M4 Z ® Z ® Z® Z o | I I
Ms Z  Z @ | 9 | ® Z @ Z ® |
Mg = Z ® | @ Z @ | © Z @ | @ Z

Because the structure of the stabilizer generators isttiréerived from the parity check matrix,
itimmediately follows that the derived CSS code has the samenum distance as the classical
Hamming code, as argued in Section2.4.1.

4.1.1 Fault-tolerant Universal Gates

Being a self-orthogonal CSS code, the Steane code has aingriedault-tolerant implementa-
tion of encoded gates. Shor[26] was the first to demonst@teumiversal fault-tolerant compu-
tation could be performed on the Steane code by explicithstracting a fault-tolerant encoded
Toffoli using only measurements and encoded Clifford ggkerations. We follow his approach
by first giving the encoded Clifford gates demonstrated bytédoan [[10], and then use in-
sights by Zhotet al. [33] to demonstrate how a generating set for the Cliffordugr6, can be
constructed.

First, we need to implement the Pauli operators. Followirggdtabilizer formalism, we can
choose members of the normali2¢(S) of the stabilizer that obey the commutation relations for
the Pauli operators, namely:

X,Z} =0 (4.3a)
XZ =Y. (4.3b)
This choice of encoded Pauli operators is equivalent to singadhe encoded basis states, and it
is equally non-unique. One such choice is:
= IIRNNIXRIXRX (4.4a)
= IIRINIRZRZIRZ, (4.4b)

N X]
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but one could just as well call the first operafband the second on¢, and the computational
basis would be changed to whatever the eigenbasis isft These operations do not require
interaction between different qubits so they are autoraliyidault-tolerant, and this is always
the case for encoded Pauli operations based on the normailittes stabilizer code.

The next step is to show the construction of the encodedotiiffjates not irP,. We have
seen that the Hadamard gate maps betveandZ and leaves the other Pauli operators invariant,
and, by construction of the Steane code, every stabilizerabtpr that is made up of onks has
a counterpart that is made up of ordg, so applying the the Hadamard transversally preserves
the stabilizer, and therefore it preserves the codespaisen®ur choice oK andZ, it is also
clear that this operation is the encoded Hadamard itselfe ghmase gat® can similarly be
applied qubitwise to map the als stabilizer generators into alls operators with an added
phase factor, but this is only a valid encoded operationegéhoperators made up of oy are
in the stabilizer. Given that

PXP' = iY (4.5a)
PZP! = Z, (4.5b)

we would like the weight of the ai's and allZs stabilizer generators be a multiple of four so that
the 5 complex phases add up td0gphase. Fortunately, the Steane code is a doubly-even CSS
code, so all stabilizer generators have weight four. Theadjma that this qubitwis® performs

on the encoded operators is

PX (PN = 101 @l ©l @Y @iY @iy (4.62)
= -ielelglaYeYeY (4.6b)
= —iY =—iXZ (4.6¢)
— P'XP, (4.6d)

The qubitwise phase gate realizes the encoded inverse ghtseln order to get the encoded
phase gate itself, one only needs to apply the inverse plaisegbitwise.

These constructions of the single qubit Clifford group @pens for the Steane code are
much more robust and desirable than the constructions ésdime gates for the Grassl code
derivatives, as will be shown later. The main reason for tbiistness is the fact that no two
qubit interactions were necessary for any of these cortging; only single qubit operations.
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Figure 4.1: Transversal one qubit Clifford gates for theaS&ecode.

In the context of the KLM proposal for linear optics quantuomputing, this is a powerful
advantage, because it allows us to take these operatioesi@bure free in the ideal model, and

loss free in our simple lossy model.

All we need to complete the generating gate§ pis the encode@NOT. For the construction
of the encoded’NOT itself, it is unavoidable that two qubit interactions begmet. All CSS
codes allow for transvers@NOT application as an encoded operation, and in all these dases t
encoded operation that is applied is itself the encdde@T [IL0]. This follows again from the
fact that the stabilizer generators are made up of eKlsasrZs but not both, and following how
the CNOT maps between Pauli operators, it becomes clear that theingappl preserveS x S*.

We need to consider mappings that preserve th8 se because th€NOT is a two qubit mapping, whil§

describes the encoding of only one qubit.
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Figure 4.2: Encode@NOT for the Steane code.

A quick calculation demonstrates that

Xl — XX (4.73)
7ol — Zo (4.7b)
leX — 1oX (4.7¢)
l®Z — ZQZ, (4.7d)

as claimed.

The Clifford group is not sufficient for universal quanturmgautation. However, almost
any additional gate that lies outsie gives us a universal set, and the gates that are usually
considered are the Toffoli g&ter the Z gate’, which are known to give a universal set when
combined with the Clifford group. The first fault-tolerartrestruction of the Toffoli for the
Steane code was given by Shorl[26], and a fault-toleranttnaetion of theg gate was given by
Boykin et al.[22]. Neither of these constructions was seen to follow #mesgeneral framework,
but Zhouet al. [33] demonstrated how they follow directly from an extemsaf the work by

2This is the gate mapping) [b) [c) — |a) [b) |c @ ab). Itis also known as the controlled-controlled-not.
3This is the gate that leaves tfo¢ unchanged and maps — e'7 1). Itis called ag gate for historical reasons.
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Figure 4.3: Fault-tolerant gates needed for universal edatjon, as depicted in[33]. All mea-
surements are in théeigenbasis. The dashed boxes represent states that capheguat off-line
fault-tolerantly, the double lines represent classicalticl dependent on the measurement out-
come.

Gottesman and Chuang]11] on universal quantum computasom teleportation and single
gubit operations.

The detailed analysis of how these constructions were rddawill not be given here, but
for illustration the resulting circuits implementing tfegate and the Toffoli gate are given in
Figure[£3B. Zhotet al. show how to prepare the state in the dotted box fault-totgrén The
construction of the Toffoli involves not only the three régd CNOTs used to perform a sim-
plified teleportation protocol, but also classically cotird application ofCNOTs andCSI GN\s
depending on the measurement outcomes. This Toffoli aectstn still has a threshold very
close to the Clifford gate threshold when the state prefmaraield similar failure probabilities
as the Clifford gate failure probabilitiels| [8].

Given our error model, wher€NOTs/CSI GN\s are costly compared to single qubit gates,
it can be intuitively seen that the encodgdgate should give a threshold much closer to the
Clifford gate threshold under the same conditions becausguires fewer applications of such
gates. This will be the operating assumption for the reshefanalysis, and from now on we

4Fault-tolerant state preparation under an erasure moaésdseasier than in a general error model, since it is
always clear when an error might have occurred
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focus only on the threshold for Clifford gates.

4.1.2 Erasure Correction

The Steane code is[&, 1, 3]] quantum code, so immediately it is clear that it will be alde t
correct all weight two and one erasure patterns. This carobhe dy measuring the generators
of the stabilizer of the code and inferring the erasure dpesdrom the commutation properties
measured — the collection of all measurements is knovtheasyndromef the error.

One can check explicitly which erasure patterns are cabéetby applying the modified
Knill-Laflamme condition to all possible erasure operatiorsa given erasure pattern. Taking
the approach of checking the correctabilityoerasure and erasures separately simplifies the
analysis somewhat — we can say that a pattern is correcfahieX erasure patterns and téde
erasure pattern are correctable. Through this brute fgypeoach, one finds that onB8 of the
possible(%) = 35 weight three patterng, of the total, are correctable.

All stabilizer generators have weight four, so any stabilimeasurement can lead at most
to failures in four qubits. If we would like to measure the dgome of a single erasure, we
simply choose stabilizers which act non-trivially over thebit that has been erased. If there are
two erasures, it turns out that one can always choose aig&afhthat will act non-trivially on
either of the erasures but not on the other ané [32]. If we idensingle failures on any of the
erasure free qubits being touched by the stabilizer measne we find thal% of all reachable
weight three erasure patterns are correctable, but the @thﬁe uncorrectable. This is always
the case, regardless of which of the two erasures we choas@reect, or which stabilizer we
choose to measure (given the constraint that we do want tea@ne erasure when we measure
a stabilizer operator).

Depending on the type of erasure, a different number of lstabbperators need to be mea-
sured. In particular, since & erasure just needs to be checked for commutation against an
stabilizer, and & erasure just against A stabilizer, it follows that a full erasure needs two
stabilizer measurements.

Exactly how the correctability of these erasure pattermsbheaeasily determined, as well as
which patterns are reachable after the erasure correatouggure is applied to a given pattern,
will be elucidated in Chaptél 5.
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4.1.3 Z Measurement Correction

As mentioned in the previous chapter, we would like to avathg CNOTs to measure thX
stabilizer of a CSS code. An alternative method has beerla@®e@that allows for measurement
of the syndrome and correction of the error to be done in desstgp, as long as the outcome of
theZ measurement is available 14, 17] 18].

In order to correct th& measurement, we need to, indirectly, measurX atabilizer that
acts non-trivially over a singlgé measurement. Since the Steane code only has weighfour
stabilizers, we can consider only the four qubits over whighstabilizer acts non-trivially, so
the stabilizer can be rewritten

XoX@XoX, (4.8)
with +1 eigenvalue eigenvectors
%(Iooo@ +1111)) = |y1) (4.9)
%(Iomﬂ + |1010)) = |y2) (4.10)
;%500011>-+|lloo>) — lys) (4.11)
\%uon@ + |1001)) = |ya4). (4.12)

Without loss of generality, take the first qubit to be the ¢that has undergoneZameasurement,
and we apply aX on all remaining qubits if the outcome fis), and do nothing otherwise. If
initially we have some state

4
> il (4.13)
i=1

then after the measurement (and possiblpplications) we will have the state

4
=Y wl, (4.14)
i=1
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Figure 4.4: Modified teleportation protocol introducinglyo measurements in case of the
failure of the(Z ® Y )¢ gate

where, if we consider only the non-measured qubits, we have

Y1) = looo) (4.15)
[Y2) = l101) (4.16)
¥3) = lo11) (4.17)
[Ya) = I[110) (4.18)

In order to obtain the original state back, we need a freslit quthe staté+) = \iﬁ (lo) + [1)),

so we apply the circuit in Figude—4.5. Since this circuit isdeaip of onlyC, gates, we can
consider the teleportation of the stgi& before applying FigurE~4.5, and then simply commute
that part of the circuit into the state preparation part eftdleportation protocol — the only qubit
introduced is in the fixed state-), so it can be taken into the state preparation part as well.

It is important that we use the slightly modified telepodatprotocol shown in Figurie4.4.
In this qubit teleportation protocol, the only source ofife is the two qubit gatéZY )opo,
which is performed through &SI GN conjugated by one qubit, gates (the other two qubit
gates are performed similarly). This teleportation protauarantees that if there is a failure in
the (ZY )ooo gate, it will translate to & measurement of the qubit being teleported. Because of
the structure of the circuit in Figuke4.5, only theorrections of the teleportation will propagate
through theCNQOTs, and therefore so will the measurements.

If any of the teleportations fail, the corresponding qubitiargoes & measurement, but
also the correction target, the qubit we were trying to recovannot be corrected. Taking each
teleportation to fail with a probability;, the correction will succeed with probability — €;)3,
and if we takeZ to signify theZ measurement, we have the following transition probabsgitn
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Figure 4.6: Full circuit for correction of a single measurement. TheNOTs can be commuted
backwards in time and combined with the offline state prepardor the teleportations.



Candidate Codes 41

the four qubits in question

PI@IINZellel) = (1-e) (4.19)
PMZRZRNQNZRI 1 1) ei(1 —ey)? (4.20)
PIZRZRZINNZI @1 @) = el —¢) (4.21)
PIZRZRIZIZUZRINI @I 1) = €} (4.22)

with the other patterns with equal weights being obtainegdrynutation, preserving the proba-
bilities of transition.

In this analysis, we have neglected the remaining threetgbithe Steane code, and we
have assumed that the state described by the four qubitsestiqn was a pure state, which is
not true. In reality, the state of those 4 qubits will be a miig{ because the seven qubits of the
code block are entangled, but similar results in that casmifdy linearity from the results given
here.

With the method described here, we can corfeateasurements without directly measuring
X stabilizers. We can employ the exact same method to cafrecasures by first measuring
the erased qubit in th# basis, and then simply replacing it with a qubit correspogdb the
measurement outcome. Once the measurement outcome is kitnbsveame procedure can be
used.

In the case of a qubit loss in any of the three teleportatimesake the worst case approach
once more. Thus, the qubit being teleported is completelgest, and th& erased qubit that
is being corrected i€ erased once more. Each of the three teleportations can Ipketan
independently, so the transition probabilities can edslgomputed for the lossy model as well,
yielding

PlloleIelZelolel) = (1-38)(1—e¢)? (4.23)
PIE@I®IQNZololl) = & (4.24)
PIZOERIQIZ@l@lol) = (1—=08)e(l —e)? (4.25)
PIZOEQE®IZI@I®]) = (1-058)ei(l—¢) (4.26)
PIZOEQEQEZ®I®I®!1) = (1-23)€], (4.27)

with the factors involving, the probability of a detector failing, arising due to thetfthat we
need to perform @ measurement explicitly.
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4.1.4 The Encoded Error Model

In the case of a failure in correction an error in a code bldtdk,important to understand what
kind of error is induced in the encoded qubit. This encodeorenodel is crucial for predicting
the performance when the information is encoded multiphes, an approach that will be used
in the Chaptefls.

For the error models considered in Chajler 3, this is a velgtsimple problem that can be
solved with the help of the stabilizer and normalizer forisrak.

Error Model for Ideal Hardware

In this error model, all erasures atemeasurements, and from the structure of the Steane code,
it is known which patterns of erasures are correctable andhwdnes are not. Consider the case
of the Z measurement of the last 3 qubits of a code block, which is aotctable. Since the
encoded operation consists &s applied to the last 3 qubits, as describedy {4.4b), iEarcl
that this uncorrectable error is equivalent to an encadl@deasurement on the encoded qubit.
Consider, on the other hand, the cas& aheasurements on all qubits of the code block. Since,
given the stabilizer operatdil, from @2),ZM;, =Z2 ®Z®ZR2Z®Z®Z R Z, itis clear
that this is also equivalent toZameasurement. It turns out that because of this, all uncaitobe
weight three measurement patterns (as well as the weighhgsattern) are equivalent toZa
measurement. All uncorrectable measurement patternsasfmediate weight can be thought of
as a uncorrectable weight three measurement pattern fedlow some additional measurements,
so that all of them are equivalent tZameasurement.

In practice, it is also important to consider the cases ofembable erasure patterns, since a
code block may end up in such a state after some finite numbesrafcorrecting rounds. This
is extremely simple for the case of ideal hardware, since arestmply measure any number
of qubits perfectly, allowing us to force an uncorrectableasurement pattern, which as shown
above is always @ measurement.

Thus, the encoded error model is identical to the base erodefup to different probability
distributions.
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Error Model for Lossy Detectors

Given the correspondence betwekerasures and measurements of unknown outcotfail-
ures consisting only of erasures have a behavior that parallels failures congistity of Z
measurements.

The stabilizer generators for the Steane code that arertprmducts ofXs only have exactly
the same structure as the stabilizer generators that asertpnoducts oZs only, and a full
erasure is the composition ofZaerasure and aX erasuré, so uncorrectable erasure patterns
consisting only of full erasures are equivalent to encodélcefasures.

Uncorrectable erasure patterns that include b#nd full erasures need to be considered
as composition oZ andX erasures patterns. With the error correction scheme tescim the
previous sections of this chapter, we can only hdwerasures on qubits that ha¥esrasures as
well — that is to say that we only have or full erasures, but n&X erasures. If theX erasure
pattern is uncorrectable, then the encoded failure willbhercoded full erasure, since we are
guaranteed to also have an uncorrectabkrasure pattern. On the other hand, if ¥\nerasure
pattern is correctable, we can simply attempt to corkeetasures until either there are no more
full erasures (in which case we would only have the uncoatdetZ erasure pattern, which
corresponding to an encodgderasure), or until th& erasure pattern is uncorrectable (in which
case we would have the encoded full erasure).

Correctable erasure patterns are a little more complexedimey require the measurement
of all qubits in order to be interpreted as encoded errord leatause of the lossy nature of the
detectors, the outcome could be either an encaletkasurement, or an encoded full erasure.
The probabilities of each of these outcomes depends on timbpility of failure of the qubit
measurements, so this extra measurement needs to be kgameeparate step after the desired
rounds of error correction. In the best case, where no meamsants fail, we obtain an encoded
Z measurement, while in the worst case, we obtain an encodlegtdisure. As shown before,
measuring all qubits in thé eigenbasis is equivalent to an encodetheasurement. Moreover,
because of the structure of the Steane code, even thoughaddhese measurements may fail,
the encoded measurement outcome may still be inferred blyiagglassical error correction
techniques to the outcomes. If recovery is not possibleusecaf the high number of errors,

5See[[3TZc) in Chapté&f 3.
5The order of which partial erasure occurs first is irrelevant
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then the failure is an encoded full erasure. We can take tt@msectable erasure patterns to be
encoded erasures, since, liké erasures, they requi& measurements to be performed as the
first step of the error correction, and failure of the measenat yields a full erasure.

Once again, the encoded error model is identical to the baise rmodel up to a different
probability distribution.

A Mixed Error Model

In a mixed error model, where we have both the limitationsredfdr optics and the post-selection
based construction of theSI GN as well as the imperfect photon detectors, the error model
changes only quantitatively. At higher levels of encodirgystill expect to findZ measurements
as well asZ and full erasures, but qualitative analysis shows thatttsea bias towards the more
benign error model.

A failure pattern than includes both erasures and measurements (but no full erasures)
can be taken as an encodécerasure at no additional cost, or may be taken as an encbded
measurement at the cost of measuringZherasures, possibly introducing full erasures which
may lead to encoded full erasures. If the measurement canfdreed without measuring the
erasures by using classical error correction, the proiabil encoded full erasures is reduced.
Failure patterns that include full erasures are treatedagim

The procedure for turning correctable failures into fakiat a higher level of encoding could
either yieldZ measurements, full erasuresderasures. In particular, there is no need to explic-
itly measure qubits that have been affected by an uninteatimeasurement, which also reduces
the probability of encoded full erasures.

Both these opportunities for gain over the purely lossyremodel indicate that the mixed
error model should always allow for improvement over thesputossy error model, and that it
will be naturally biased towards the ideal detector errodeio

Worst Case Analysis

For the calculations made in ChaptEls 5, we take all encodedsen the error model for lossy
detectors to be full erasures. This worst case approacHhiesphe calculations significantly,
and although it gives a looser lower bound to the error tholeklit will be shown to be enough
to match predictions i [17,718].
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Formally one usually takes the threshold to be the break pogt between the encoded and
the base error rates. Here we will take the threshold to bedi@ where the encoded error
rate is half of the base error rate. This is because the pildipads full erasure of a qubit given
a failure has occured is the same as the probability Afeaasure given a failure has occured
— that is, both occur with conditional probabiligy Thus, since we take all encoded failures
to be full erasures, we apply the break even condition todrdsures only, which translates to
the requirement that the overall encoded failure rate biedfidahe base failure rate. When the
threshold is explicitly calculated in Sectibnb.1, thisaste@dnship will be formalized more clearly.

4.2 Grassl Code

Grassl, Beth and Pellizzafi]l12] have shown that the shiopessible erasure code ig[4, 2, 2]]
code, which is referred to here tiee Grassl codeThis is a CSS code derived from the classical
code consisting of all even weight strings of length foucdtrects a single erasure, the general
class of such distance two codes having been discussedaihiddfild]. The stabilizer grou|s

of this code is generated by the operators

M; = X X X X
1 A A (4.28a)
M, = Z @ Z @ Z ® Z,
and a generating set for the encoded Pauli operators is
X X ® X @ | @ |
X X I X
A2 o be e (4.29a)
Zi=72 ® | 91 @ Z
Z;,= Z ® Z ® | ® |

The fact that all operators in the generating set of the esdtd®huli operators are of weight
two proves that this is a distance two code — that is, theravaight two error operators that
will map valid codewords into different valid codewordsdanill therefore be undetectable and
uncorrectable.
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4.2.1 Fault-tolerant Universal Gates

One difference between the Grassl code and the Steane @ids timmediately obvious is the
fact that the Grassl code encodes two qubits. This raisegubstion of how to concatenate
the code, and how the different choices affect the perfoomartven if this issue is resolved,
because we have two encoded qubits, we must consider diffgiees of encoded operations
dealing with the different encoded qubits. While there ag/\simple constructions of some of
these gates — such as an enco@BDT between the two encoded qubits in a block or Sv&\P
between these same qubits — the construction of other tyjp€SIGTs have a very high cost
because of the use of multiple rounds of teleportation anttipieiancilla preparations — some
gates that suffer this problem are the enco@BDT between the individual encoded qubits of
two different blocks.

On the other hand, one may choose to bypass this problem bijyimgcthe Grassl code to
encode a single qubit. That can be done by choosing one oiitwded Pauli operators over
a single encoded qubit and making it a stabilizer. Any suahiaghis valid since we know that
all operators inN(S) commute with the elements 6f (see SectioiZ.4.2), and that results in
a stabilizer code with three stabilizer generators, asel@égh — k = 4 — 1 since we want a
[[4,1]] code). Itis easy to check that the minimum distance of the cethains the same, so we
are able to correct a single erasure with this code. The nrainlgm is that the resulting code
is not a self-orthogonal CSS code, but a more general formS8 €ode. While the encoded
CNOT can easily be implemented by qubitwiSBIOTs, neither the encoded Hadamard nor the
encoded Phase gates can be implemented as easily. Instea@dessary to use ancillary states,
multiple CNOTs and single qubit operations to generate these two rengagmnnoded Clifford
gates [[ID]. This is highly undesirable for the error modeisler consideration because this
translates to encoded single qubit operations that caaoduate erasures, while in the Steane
code those operations can never introduce erasures.

A similar problem is found even if the Grassl code is mairgdiim its original form. The
encoded single qubit operations that are applied only toemeeded qubit, while the identity is
applied to the other, require complex protocols involviglgportations and measurements. Thus,
there is strong evidence that the Grassl code is suboptimidlt-tolerant quantum computation
in the error model given for linear optics quantum compotati



Chapter 5

The Erasure Threshold

A novel method for determining the recursion relation fag @mcoded failure rate is given. This
method describes the erasure correction procedure as amanelk over equivalence classes
of erasure patterns, allowing for a compact descriptioh ¢ha give the recursion relation for
any number of erasure correction attempts. Using this igoknthe recursion relations for the
Steane code under the ideal and lossy error models are gimdnyalues for the threshold are
estimated numerically.

5.1 Calculation of the Threshold

In order to calculate the error threshold, we need to caleulee recursion relation for the proba-
bility of error ™ in encoding leveL in terms of the probability of errae™~") in encoding level

L — 1. For simplicity, we consider only the relationship betwélea first level of encoding and
the base error rate, that is,

el = Z cne™, (5.1)

wheree is the error rate at the physical qubitg,are constant integers dependent onlyhgand
m is the minimum number of failures causing an unrecoveraite,&as we have seen in Chapter
2.

In the general case one needs to keep track of the possildagation of undetected errors,
but the erasure error model allows us to ignore this comptinébecause the presence and lo-

47



48 Erasure Thresholds for Linear Optics

cation of erasures is known by definition. Thus, we only aplpé/erasure correction procedure
when we know an erasure has occurred, and any additionaiddiat occurs during erasure cor-
rection is immediately flagged, so we can keep applying thsuge correction procedure until
the data is erasure free or we find the resulting thresholthBonumber of trials is acceptable.

Since the Steane code ig[&, 1, 3]] code, we know it can correct any one or two erasure
patterns on any given code block, so it is impossible thag onk or two erasures at one level
will cause an erasure at a higher level of encoding. Somehwéigee erasure patterns are not
correctable, so it is possible for three erasures at oné tevause a failure at a higher level.
Therefore, the leading term of the series expansiob af (@illbe cubic power ire, i.e.

eM=> cne"=cze’ + e’ - (5.2)
n=3
We cannot restrict the analysis to erasures that occur gl@omputational steps only, but we
also need to consider erasures that are introduced durngyésure correction steps, since both
are performed in the same physical system.
In essence, we need to consider erasures that occur during

e computation
e interaction with ancillae used for syndrome measurement
e measurement of ancillae used for syndrome measurement

Once the recursion relation has been computed, the theegh@und by solving an equation
describing the break even point, that is, the probabditgt which the encoded failure rate is
equal to the base failure rate

el =g, (5.3)

which under our simplifying assumption, gives, &t < e the required conditiobim;_,,,e™ =
0. Note that for the lossy detector error model, we modify tteak even condition to be the worst
case break even condition, since we take all failures toteatcoded full erasures. Moreover,
the probability of a single qubit full erasure is half of tl¢etl probability of failure, yielding the
worst case break even condition

1
e{” = Eel' (5.4)
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Because the recursion relation describiny is of very large (if not infinite) order i, these
equations cannot be solved exactly, but it can be approrunaimerically. It is not clear how
many leading terms of the recursion relation are sufficienadcurately determine the error
threshold, so we would like to be able to easily compute asyrofthe terms as possible.

One approach is to consider all possible correctable exgmiterns. After an application of
the encodedSI G\, the only source of failures in our error model, the erasatéepn determined
by the failures of the individual gate is known. By attempgtto correct the erasure, one applies
CSI G\s between the data and the ancilla in order to measure gwhilperators (see Section
2.6.1). Note that we can restrict ourselve€& GNs because NOT is simply given by

CNOT;, = (1 ® H)CSI GNy »(1 ® H), (5.5)

and if we only apply the second Hadamard gate after all eeashave been corrected, we have
the advantage of having an error model that still consistg ohE (full erasures) and. (Z
erasures).

Any failure during the erasure correction will change thesseire pattern in the data into some
other erasure pattern. Since we know the probability of ifferdnt failures occurring, and we
know which operators will have to be measured in order toembra given erasure pattern, we
may describe the process by transition probabilities betwaifferent erasure patterns. In the
case that the erasure rate at each time step is independeatgévious time steps, what ends up
being described is Markov chain or arandom walk in a graphTherefore, given the set of pos-
sible correctable erasure pattelfis, we want to calculate all transition probabilities B[ W;)
for some error model. If we have a description of the initigtiibution of erasure patterns, we
can compute what is the probability of each erasure pattiten @n erasure correcting step by
following a simple application of Bayes’ theorem

PHW,, ti) = ) PHW:|W;) Pr(W;, o), (5.6)
j
where we take;; to be the time instant immediately followirtg. Once the transition proba-
bilities have been computed, by repeated application sfftirimula one obtains the probability
distribution of all erasure patterns at timQ, which corresponds to the distribution aftsr
rounds of the erasure correction procedure. At that stagegeasure pattern that has weight
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greater than O is considered a failure, and if we compute

eM="3 Pr(W;tn), (5.7)
wt(W;)>0
we have the recursion relation fdf rounds of erasure correctitin
We may rewrite the above transition probabilities into asraon matrix® with elements

[:P]ij = PF(WJW]) (58)

Then the probability distribution of the erasure patterres/rbe described by a column vector
J(to) given by
[I(to)]; = Pr(Wi, to). (5.9)

This allows for a recursive definition of the probability wlisution at timety
I(tn) = PI(tnet) = PN (o). (5.10)

Because of the way in whicl® was defined, it satisfies the conditions o$tachastic matrix
which guarantees thdfty) as defined in[{5.10) is a probability distribution as lond @) is
one as well.

It is also worth noting that certain erasure patterns in theva description have special
properties. Consider, for example, the erasure patterreajiw zero. There is no need to apply
the erasure correcting procedure to this erasure patethegrobability of transition from this
pattern to any other of non-zero weight is zero. This is whatiled arabsorbing stateOther
examples of absorbing states are uncorrectable erasteensatSince we know that there is no
way we can go from an uncorrectable erasure pattern to actable one, there is no point in
applying the erasure correcting procedure either.

This approach, although simple to describe, is by no medicgeet. The number of possible
erasure patterns grows exponentially in the number of gubithe code.

5.1.1 Equivalence of Error Superoperators

There is great redundancy in the description of the trasfirobabilities at each erasure correc-
tion step. In the context of the Steane code, if we obsenteaiitions from a weight one erasure

'Note that asN — oo, the probability distribution converges to a stable disttion.
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Pr(succ)

Pr(succ)

Pr(succ)

Pr(succ)
Pr(succ)

Pr(succ)

Pr(succ)

Figure 5.1: Portion of a naive Markov chain describing thesare correction of some weight
one erasure patterns. Herg frcc) indicates the probability of success in correcting one phas
erasure.

pattern, we notice they are very similar. Namely, they wal/é the same number of transitions
to patterns of any given weight, and each of these transitial have the same probability.

The regularity of the graph depicted in Figlirel5.1 is no cioiecce — it is, in fact, a direct
consequence of the symmetries of the erasure correctientmidg employed. Intuitively, many
of these erasure superoperators are equivalent, and céutha@leéd up’ into a single represen-
tative superoperators, eliminating the redundant edgdsvartices in the graph in favor of a
minimal description that differentiates between the ofi@nal behavior of the superoperators —
that is, their correctability, and their transitions to@tlsuperoperators. Formally, we need to de-
scribe an equivalence relation between erasure supetopertn order to do that, we introduce
the concept of a code automorphism.

Definition 2. The automorphism grouput(C) of a stabilizer code is defined as the subgroup
of the group generated by qubit permutations and qubitwg®ieations ofH andP leaving the
stabilizer ofC invariant [25].

The code automorphism can be used to define the equivaldatiemeve need.

Definition 3. For a given quantum cod€ with automorphism groug\ut(C), and given the
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Pauli group ovem qubitsP,,, we define the relatios overP,, such that
E=cF& 3dge Aut(C) :E =gFg . (5.11)
Given this definition, some elementary results alzsgtcan be given.
Proposition 2. =¢ is an equivalence relation ovér,,.

Proof. Note thatAut(C) is a group, so, by definition, is it closed under product, iitans the
identity, and every element has an inverse. In the followiageE; € P, for any indexi. We
show that= has each of the properties of equivalence relations:

Reflexivity:It is always the case th&; = E;.

This follows trivially from the fact that, becauseut(C) is a group,] € Aut(C), sog =
g~ ' =l andE; = gEig~".

Symmetryif E; =¢ E;, thenE; =¢ E..

It is given thatE; = gE;g~', so conjugating both sides hy ' yieldsg'E;g = E;. Since
g~ ' € Aut(C), it follows thatE; =c E;

Transitivity: If E; =c¢ E; andE; =¢ Ey, thenE; =¢ Ex.

It is given thatE; = gE;g~' andE; = hE,h~'. By substitutionE; = ghEh~'g~', and
sinceg, h € Aut(C), it follows thatgh, h~'g~" = (gh)~' € Aut(C) and thatE; =¢ E.

This concludes the proof. O

Theorem 1. If error operators{E;} satisfy the modified Knill-Laflamme condition for some code
C, then so ddgE;g'}, whereg € Aut(C).

Proof. The first modified Knill-Laflamme condition states that
(¢l Eiler) = (cml Eilem) (5.12)

for any basis codewords,) , [c.,) € C. Sinceg € Aut(C), soisg~' = gf, and one can insert
the identitygg’ = g'g = | in the product'c;| E;|c;)

(cilEiler) = (cilg'gEigigley) (5.13a)
= (G gEig"[cy) (5.13b)
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where the automorphism maps the bdgis } into {|C;)}, and since all code automorphisms are
unitary, both bases are orthonormal. Moreover, both basssritbe the same space — the code
space — so operators satisfying the Knill-Laflamme conuiition either basis are correctable.

More explicitly, the first condition can be re-written

(€1 gEig" &) = (Eml 9Eig" [Em) (5.14)

so clearly it is satisfied for anjgE;g'} regardless of the automorphisme Aut(C).
The second modified Knill-Laflamme condition states that

(c1|Eilcm) =0 for (cilcm) = 0. (5.15)

Again, it follows quite simply that

(clEilem) = (cilg'gEigTglcm) (5.16a)
= (G gEig" [Em) (5.16b)
= 0, (5.16¢)

and that
(clem) = (clg'glem) (5.17a)
= (Clcw) (5.17b)
= 0, (5.17¢)
concluding the proof. n

Note that, becausaut(C) is made up of permutations and tensor products of singlet qubi
unitary operations ilN(S), whereS is the stabilizer of the cod€, the weight ofgE;g' is the
same af for anyE € P, andg € Aut(C) for anycodeC.

It has been shown in Chapfér 2 that an erasure pattern is @anmi€onvex sum over Pauli
erasure operators. In that case, we can extend the definitia to be a relation over erasure
patterns as well. We say/ = K if and only if there is ag € Aut(C) mapping between the set
of all erasure operatof&;}; in the convex sunW to the set of all erasure operateﬁlfa}j in the
convex sunk.
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In some cases, however, we want to change which operajians allowed in this definition
because the error correction procedure may not be invarradgr all code automorphisms. The
problem becomes clear if we consider an error model thatvalfor Y erasures oK erasures,
which under this definition are equivalentZoerasures. Th& erasure requires two error cor-
rection steps in the best case and thus has different beldvoomn aZ. Similarly, we have used
different circuitry to correcK erasures and thus, X erasures were not always accompanied by
Z erasures, they should not be considered equivaleatarasures. For the error model consid-
ered here, this distinction is not necessary, and the definit term of the automorphism group
is suitable and simple to analyze. However, in general, wd tine equivalence relation to relate
erasure patterns that have equivalent error correctioavi@lr, and a different error model may
require a different definition for the equivalence relatimiween the erasure patterns. A simple
restriction, for example, would be to consider theéopermutation groupf the code, a subgroup
of Aut(C) that restrictgy to qubit permutations only. This restriction, however,a necessary
for the error models and correction procedures considezesl nd for the rest of the thesis, we
consider=c as a equivalence relation over erasure patterns as defitleel pmevious paragraph,
which includes the full automorphism group.

If, for two correctable erasure patteriig, K we haveW = K, then failures during the
erasure correcting procedure W lead to error operators equivalent (undeg) to the error
operators resulting in failures during the erasure comggirocedure ok, with the same prob-
abilities.

Say we havéW, and we measure an operatdr € S in order to attempt to correct a sin-
gle erasure. Each of possiblefailures during the measurement leads to the erasure psitter
Wiy, - -+, W, with respective probabilities P¥W;|W), - - - | Pr(W,/W). In order to correcK, we
can apply a code automorphism to map it% then measure the same operafgrwhich leads
to the same possible erasure patterns under failure, witbtigxthe same probabilities. Apply-
ing the inverse of the automorphism leads to equivalentieegzatterns undet ¢, with the same
probabilities. Note that the application of these autorhmm does not need to correspond to
operations in the physical system. Permutations simpbedithe qubits, while applications of
H andP relabel the stabilizers, so that one may simply use thigaieling to determine which
operators need to be measured.

Thus, when analyzing the transition probabilities, we ne®gt consider transitions between
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equivalence classes undeg, greatly reducing the number of transitions and erasures et
that need to be analyzed individually.

In practice, these equivalence classes can be found thimargputer algebra packages such
as GAP[T] or MAGMA [5]. In the case of the Steane code, we haneady seen some transver-
sal (qubitwise) unitary operations that preserve the ktabi(and thus the code space) — namely
H,P'. A quick search through GAP demonstrates that the qubit piationg

(1,2)(5,6) (5.18a)
(2,4)(3,5) (5.18b)
(2,3)(4,6,5,7) (5.18c)
(4,5)(6,7) (5.18d)
(4,6)(5,7), (5.18¢e)

generate all permutations that preserve the code spacayrdtp generated by all these permu-
tations and the unitaries described above is the autonsrpgroup of the Steane code. It has
order 168, and it is isomorphic to the group of invertiBle 3 matrices inGF(2).

5.1.2 Z Measurement Threshold Calculation

Focusing our attention on the error model outlined in SedB@.1, and on the Markov chain
method outline in the previous section, we can calculateehbarsion relation for the uninten-
tional Z measurements that can occur during teleportation.

It has already been shown that there is a code that Hasnaasurement threshold @5 for
this error modell[1]7], but that code can only correct sinjlaeasurements in a block. In Chapter
d an alternative method for correctidgmeasurements was described, with the advantage that
only Z measurements are introduced as a result of failure, thuaweansider only the subgroup
of Aut(C) corresponding to the qubit permutations, which is the cageraorphism of the
classical Simplex codf, 3,4] used to construct the Steane code. Any two weight one erasure
patterns are equivalent under the automorphism relationileé8ly, any two weight two erasure

2In this notation, a permutatiofu, b, c) means that qubit takes the place d, b takes the place of, andc
takes the place af. Concatenation of two of these permutations is equivateapplying the rightmost permutation
first, and applying the permutations, in order, from righletib, just like products of operators.
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patterns are equivalent as well. This is not the case forhéigee erasure patterns, however.
We know thatZ is a weight three Pauli operator consisting of odly and identities, so it will
be an element of the convex sum® | ® | ® | ® Z ® Z ® Z, and thus this erasure pattern will
be uncorrectable. By applying the permutations of the cadenaorphisms, we find that only
a subset of the weight three Pauli operators are generatet.id, the equivalence class which
includes this pattern does not include all the possibleueegsatterns, it only includes

' @ | @ | @ | ® Z ® Z ® Z

I @ | ® Z2 @ Z @ | @ | ® Z

I ® Z @ | @ Z @ | @ Z ® |

Z @ Z o | @1 @ | & | ® Z (5.19)
| ® 2 ® Z2 @ | ® | ® Z ® |

Z 2 | ® Z @ | ® | ® Z @ |

Z @ | ® | @ Z @ Z @ | @ Il

All 28 = (;) — 7 remaining weight three erasure patterns are equivalergdo ether. In order
to see that they are correctable, consider

1RIRIRZRIIRZRZ (5.20)

We can correct the rightmost erasure by measuring the iget ; from Sectiorf 411, reducing
the pattern to a weight two erasure which is always corréetab

Thus, we are left with four equivalence classes correspanidi correctable erasure patterns
of weight 0, 1, 2 and 3, and one equivalence class correspgndiuncorrectable erasure pat-
terns (with weight 3 or more). The transitions between tlieint equivalence classes can be
determined by analyzing a single erasure pattern in eask alader one erasure correcting step.
It suffices to say that for each case a weight 4 stabilizer hémthe measured, which requires
four CNOTs between the data and an ancilla, and the measurement ofditia.aFailures at any
of theseCNOTs must be considered, which is a simple but tedious processrided in detail in
AppendixA, leading to the simplified pictorial view of FigelE.2.

From the Markov chain description one obtains the errornetarsion relation

el') = 56€? +406€? + 3878¢> — 129675¢5 + 1164815¢/ + - - - (5.21)

with a threshold of approximatek; = 0.115.
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Figure 5.2: Graph describing tleerasure correction procedure for the Steane code under the
ideal error model. The probabilities associated with eaahsition are omitted for readability.
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Figure 5.3: Plot ofﬁ under the ideal error model. If the ratio is greater thathe encoded
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The correctness of the leading term In-($.21) can be quidkicked. First of all, because
we are dealing with a distance 3 code, all measurement psttdrweight up to two can be
corrected. That immediately sets the exponent of the |ggaéim to three. In order to determine
the coefficient, we must count how many ways there are to raaencorrectable measurement
pattern with 3 errors during the correction procedure, @&sg of course we are doing a minimal
number of correcting rounds to be able to correct a weigleetimeasurement pattern. First, we
have seen tha% = % of the weight three patterns are uncorrectable, that letinesoefficient
at % (;) = 7. Now consider the correction of a weight two pattern: angl&radditional failure
brings it back to a weight three pattern, of whitfare uncorrectable, so we adf) 1 (%) = 21.

In the case of weight one patterns, which are also alwaygsciatle, we could have two failures
at one, or one failure at a time, additg 1 ((3) + () (3)) = 28. The total is, as expected.

5.1.3 Full Erasure Threshold Calculation

In the lossy error model, things become a little more conapdid. In particular, we have a greater
variety of erasure patterns, which in our case lead to agreatiety of equivalence classes and
transitions. In order to make it clear, note that the qulsenoperations that are allowed in the
definition of the automorphism of a code are simply singleigGbfford operations, which in
essence permute the labeling between the non-trivial FaatlicesX, Y, Z. Thus,E is invariant
under these operations if we consider a basis change givéinebsingle qubit®, operations,
but X, Z,Y are not. In fact, they undergo the same label permutatioritekea®auli matrices
themselves. That means that now, instead of keeping traitleafeight of the erasure patterns,
we must keep track of the number of different types of erasuBome general properties still
hold, such as being able to correct any weight one or two ezgsatterns, an@ of all weight
three patterns, as long as they consist of a single type tihparasure. This is not as bad as it
appears at first, we can think of erasure patterns of a sipgéedf partial erasure acting together
to result in an erasure pattern with different types of eresuThat is, we may consider

EQI®I®RZOX®|®I (5.22)
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as a series of erasure patterns

XIoleleXel | (5.23a)
ZR1®10Z3 9l (5.23b)

applied to the same code block. So, because any weight tviialpgnasure is correctable with
the Steane code, any permutation[0f (.22) is correctaltm though it has weight three, so
in general, we need to keep track of a tuple that has the nuofldrX, Z individually, and
equivalence classes between these tuples can be developed.

To simplify matters, because we are dealing with a selfegtimal CSS code, we can restrict
ourselves with the measurementdstabilizers only through the application G8l GN\s, so the
only types of errors that are introduced according to theylosodel are eithek or Z. Following
a decomposition liked{5.23), we find that tAepartial erasure pattern will have a larger weight
than theX partial erasure pattern if afy occurred in the original pattern. In that case, because
Zs are just as frequent &s during computation in our model, it is wiser to corred &rst. If
we choose to correct a parti@lwithout a corresponding partial, and if we choose to correct
anX first when there are onl§, we ensure that the pattern consists of dilgndZ at all times.
The analysis can then be restricted to 2-tuples descrittieghtmber of full erasures and the
number ofZ erasures — graphically, they are describedrhyn] wherem is the number ofs,
andn is the number oZs, with the advantage that the weight of the patterns is dwen + n.

The same correctability results in the previous sectiorydpgre, so we find that all patterns
of weight one and two are correctable, and that for any etpna class of patterns with weight
three,‘g‘ of the patterns are correctable, @dre not. Again, we bundle all uncorrectable patterns
into a single class. The resulting graph can be seen in Higdreand the transition probabilities
are described in detail in Appendd B. The main differenceMeen the lossy model and the
ideal model is that for the lossy model we consider measunefagures, with a probability of
failure 6, along with a probability ofCSI GN failure €, as usual. The transition probabilities are
given as a function of both considering them to be indepenpiarameters but in reality they
are not. However, this dependence can be recovered by gvotie parameter in terms of the
other in the general expression obtained from the Markoinath@scription.

3By independence, | mean algebraic independence, nottisialtis
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[0,1]

fail

Figure 5.4: Graph describing the erasure correction proeddr the Steane code under the lossy
model. Each states is labelgd, n], wherem is the number of full erasures, ands the number
of Z erasures. The probabilities associated with each transatie omitted for readability.
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For the case where we take= 0

1
el = 350e? + 4739¢? — 12404€ — 355600 — 3087110€] + - - - = 561 (5.24)

yielding a threshold of approximatety = 0.0324.
For the case where we take= ¢,

1
e =1050€} + 33173l — 4624267 — 6861701 ] — 118743847e{ + - = 5e1 (5.25)

which yields a threshold of approximatety = 0.0178. This threshold is only valid if the
encoded qubit measurement failure r&te also vanishes for — co. Because of the structure of
the CSS code, where the encoded states are superpositi@mssital codewords, measurement
failures can be corrected for. In the case of the Steane ¢bdelassical codewords that are
measured are codewords in the classicat, 3] Hamming code, so one can correct at least up to
2 erasures, which are the consequence of measurementdaillines, the encoded failure rate
for measurements in the first level of encoding is

1 4 7 i 71
5”:%(1)5 (1—8)"H, (5.26)
assuming that classical processing needed for classital @rrection is perfect. This yields
a threshold of approximately = 0.25, which guarantees the validity of both thresholds
described above.

These two cases,= 0 andd = ey, are the extremal cases for the calculation of the threshold
In the limit where loss in th€SI GNs is much more likely than at the detectors, we have
0, while in the limit where loss at the detectors is of the samgeoas loss in th€SI GNs,
we haved = €;. Because of the general construction of {8l GN based on photon mode
teleportation, there will be more than one detector invd)\& the probability that there is a
failure in theCSI GNteleportation will always be higher than the probabilityacingle detector
failing, justifying this choice of upper and lower bounds.
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Lossy Error Model: Contour Plot of £|/s|(1) as a function of ¢ and &
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Theoretical Predictions for Lossy Error Model: log-log scale sllsl(l) Vs. g
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Chapter 6
Simulation

In order to verify the theoretical predictions about theurs@n relation for the Steane code, a
Monte Carlo simulation of the erasure correcting procedvas made following the principles

previously used by Zalka [31], which | review here for contpfeess. The results of the sim-
ulations for the ideal and lossy error models are presentddcantrasted with the theoretical
predictions and calculations of Chapifér 5.

6.1 Background

Fully simulating the states of the quantum computer, asiole fhaving an exponentially high
cost in resources, is superfluous for the determinationep#rformance of an error correcting
code. Since we are only concerned with whether the erroecton procedure is able to elim-
inate all erasures, we can keep track of only that aspecteotdimputation. This is the same
basic idea used by Zalka in[31], but applying various sifigations due to the simpler handling
of erasures as well as new insights into fault-tolerant ensial computation by various authors
[8, [11,[33].

While in the case of general errors one must keep track of lampatation and error cor-
rection propagates error operators that remain undetegtexh dealing with erasures we simply
need to keep track of where they appear during computatidreeasure correction. The error
operators that are kept track of are simply Pauli operatees thhe entire code block.

It is crucial to note that this setup allows only for the siatidn of gates that map the Pauli
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group onto itself under conjugation, since, by assumptitirthe erasure operators considered
here are described by convex sums of Pauli operators — tffer@lgroup C, described previ-
ously. This is not a universal set for quantum computatiomjtis enough for error correction.
In order to make a universal set, one can include, for exargptes conditional on measurement
outcomes. This was the method employed by Shor in the sepapalr on fault-tolerant compu-
tation to demonstrate the construction of an encoded Tdffothe Steane codé&[26], and it was
further generalized to demonstrate the construction arathcoded gates such as {hgate and
the controlled phase gale11)33].

Due to the fact that the encoded Toffoli can be built out ofcetex Clifford gates, it is in-
tuitive that a threshold for Clifford gates would also be ee#iinold for the Toffoli. This was
analyzed and quantified carefully by Gottesman [8] for theaBé code, where it was demon-
strated that indeed the threshold for universal computatith Clifford gates plus the Toffoli is
only ~ 5% lower than the threshold for Clifford gates. In the casar#dr optics, the threshold
would depend on the detector failure rate, since in ordeotwsituct these fault-tolerant gates
necessary for universal computation measurements andtapes conditioned on measurements
are necessary. However, we have shown in SeEfionl 5.1.3whaferation of the Clifford gates
themselves, and the measurement of the syndromes alreamchsmnough constraint in the de-
tector efficiency so that a result similar to th# approximation of the universal threshold given
by Gottesman should still hold.

6.2 Data Structures and Algorithms

The simulation consists, in essence, of two arrays of biterggth 7, each position representing
one of the 7 qubits that constitute a codeword in the Steade.cOne of the arrays, called the
X array, indicates the application of Znerasure on each qubit, while the other array, called the
7 array, indicates the application ofZaerasure on each qubit — this is depicted in Fiduré 6.1,
and can be thought of as the side information mentioned iticdd2.1. One can represent full
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Figure 6.1: Internal representationXf® | ® Z@ E® | ® | ® | in the Monte Carlo simulation.

erasures as well, a8 andZ commute, and

Z(X(0) = 5 (X(p)+ZX(p)2) (6.12)
= %(p+XpX+ZpZ+YpY) (6.1b)
= X(Z(p)) (6.1c)
= E(p). (6.1d)

In the simulation, a full erasure in quhits therefore represented by setting iltke bit in both
theX and theZ arrays.

As has been stated, the indication of any type of erasure sswae qubit is by no means
an indication that an error has indeed happened. The comvexepresentation of the erasure
superoperator can be interpreted, instead, as an indicttad an erromight have happened
at that location. It is still necessary to measure the symérof the qubit erased to determine
which of the possible Pauli operators has occurred. As testin Sectiolfi 312, the only sources
of erasure that are considered here are the failures inoiedgn of theCSI G\, and photon loss
in the teleportation and detection of qubits. It has alsmis®wn that these are all erasures, so it
is always known when the data is corrupted by these failarmesone may simply try to generate
a large number of ancillae in the desired state and dischiideabnes that contain erasures.

In the simulation, we assume the erasure correction proeaslapplied after a single appli-
cation of an encode@SI GN gate resulting in erasures. Because @NOT and the Hadamard
are transverse on the Steane code (see Sdcfion 4.1.1),ldSItGN, and it realizes the en-
codedCSI GNitself. In that case, we assume each of the gates fails imdigply at the target
and at the control. Under the ideal error model, the only typéailure that may occur is a
Z measurement, and it is localized to either the control ortéinget independently. Under the
lossy model, however, a teleportation failure at @& GN induces a full erasure locally and a
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Z erasure at the gate counterpart — for example, a failureedtitiget causes a full erasure at the
target and & erasure at the control. Thus, the error pattern on a codé blegends not only
on the failures that occurred locally, but also on the fauthat occurred on a block with which
it was interacting, but again, because of the rule giver TJ) (6his is easy to compute. Under
both erasure models one simulates the initial state of thekldidy flipping a biased coin for each
qubit to determine whether it should have an erasure or mot,jathe case of the lossy error
model, there are two passes: one determines whether trarkldie a full erasure, and the other
determines whether it should hav& @rasure if it did not have a full erasure.

Once the erasure pattern has been generated, multiplesofisohgle erasure correction are
attempted until either the code block is erasure free, oetasure pattern is uncorrectable. Since
each single erasure correction step requires the measoteai@ weight four stabilizer operator
(in the case of the Steane code), any of these gates mayéd#tihat the control or the target side,
independently, so once again biased coins are flipped. $nctse, the difference between the
two error models is a little more salient. For the ideal moded can simply count how many
failures there were on the ancilla side of the stabilizersneament in order to determine if the
error correction will succeed or fail, and then determinacitgates failed on the data side so
that the erasure pattern may be updated for the next cameatiempt. Under the lossy model,
however, one must keep track of whi€lsl GNs with the ancilla failed, because those failures
will induce erasures on the data side, which must be remeadifer the next correction attempt,
as well as keeping track of which failures occurred on tha date. Which qubits will need to
interact with the ancilla is determined by the erasure pattes described in Sections411.2 and
ET13.

The lossy model has another distinction in that we allow fasares to occur at the measure-
ment of the ancilla, although at a raiedifferent from the gate failure rate. In reality andb
are not independent, since constructions of@8e G\ gate itself depend on the measurement of
ancillary photonic modes. The exact relationship is higldgendent on whicE8SI GN construc-
tion is being used, and since each has its own advantagess d@&cided to make the simulation
takee; andd as independent parameters that can be adjusted as desired.

For each gate failure rate the simulation is run until attleas thousand blocks are found to
be uncorrectable (for the low probabilities of failure),uotil at least a large number of blocks,
proportional tole, have been simulated (for high probabilities of failure}tatistics, such as
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Figure 6.2: Probability of failure for teleportation faiiratee using 6 erasure correction at-
tempts.

how many blocks were simulated, how many were uncorrectahte are output into a file, and

the process is repeated for a different random number gemeseed. After 20 such iterations,

the individual statistics are compiled to obtain a mean asthadard deviation for the encoded
failure rate at every gate failure rate (and detector faihate).

6.3 Results

6.3.1 Ideal error model

As can be observed in Figure .2, the simulation matchesrtdiqted values very closely. Be-
cause of repeated trials with different seeds for the randember generators, the error bars for
the simulation results are very small, and we can take tharvee in the results to be insignifi-
cant.
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Lossy Error Model: log-log scale e,/q(l) VS. g
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Figure 6.3: Probability of failure givet = 0 with 20 erasure correction attempts.

6.3.2 Lossy error model

Again, as can be seen in Figufesl6.3 6.4 the error barg isirtiulation are so small as to
be insignificant, but in this case there is a discrepancy éetvthe simulation results and the
calculated values for probabilities below the threshold.

There are a number of possible reasons for this behaviatheuhain source of error appears
to be the recursion relation itself and using computers toerically approximate its value at
different gate failure probabilities. While it is necesstr perform the 20 correction attempts in
order to have the same precision in the leading terms of thesmn relation as in the ideal case,
that makes the recursion relation extremely long, with Varge integer coefficients, both posi-
tive and negative. By construction, this recursion relatioust stay bounded to values between
0 and1. However, while the mathematical packages have infiniteigpien for integer handling,
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Lossy Error Model: log-log scale s,/s,(l) VS. g
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Figure 6.4: Probability of failure giveth = e, with 20 erasure correction attempts.

the same is not true for floating point calculations, neagdsahe evaluation of these functions.
The finite precision of these calculations used to genehatget plots should potentially be the
main source of error. The recursion relations themselhesarect.

A different approach to verify the correctness of the reicurselations would be to fit poly-
nomial curves to the simulation results. However, in ordedd so reliably, one needs to run
simulations at extremely low probabilities, increasing #grror on the curves significantly sim-
ply because not enough statistical sampling is done. Thiigisame problem observed by Steane
[29], and it is a common problem of Monte Carlo simulationkbat event probabilities.



Chapter 7
Conclusion

Through theoretical calculations and verification by siation, we have found that in an error
model consisting only of ideal teleportation failures rthis a threshold of; ~ 0.115 = 11.5%,
and that for an ideal model consisting of photon loss ancacgwhent during teleportation, the
threshold is at least; ~ 0.0178 = 1.78% as long as the detector failure rate at most equal to the
gate failure rate. A mixed error model consisting of bothetypf failure would have a threshold
somewhere in between these two as long as the total prdlyaddifailure € is bounded by these
two values, that is

€1 < € < €. (7.1)

In the limit where the photon loss dominates, one expectthiteshold to be closer te,, while
in the case where ideal failures dominate, the thresholddimel higher and closer te;.

The results presented here need to be considered carefinéy/.correction procedure used
for the threshold calculation can correct either a singleegal error at an unknown location, or
two (and at most three) erasure patterns. It cannot handlgedrarror model involving both
errors and erasures. For realistic quantum computationesd to consider all of these sources
of error, so one would need to consider a modified correctiongulure.

However, the main result to be taken from this work is thatrdursion relation for the
erasure correction procedure can be derived exactly, aadhtay lead to new techniques of
analyzing the performance of erasure correcting codesyear general error correcting codes.
The erasure correcting procedure used here is not fullyrmopeid, since it was tailored to simplify
the exact analysis, but there are many avenues that maydretmkmprove these bounds on the
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erasure threshold, including different syndrome measengtechniques[28,30]. Itis important
to note that the thresholds presented here are well abogetiexal error thresholds presented in
[29,[31], and although the threshold for the ideal case is&atially worse than they,, = 0.5
threshold given in[17], my result considers a more generdlraore realistic error model.

7.1 Future Work

In order to make the results presented here of direct afgiliityeto linear optics quantum com-
puting, one will have to take the different construction ahgtum gates into account, and de-
termine howe, depends on the detector efficiengy There has been some previous work in
that area[[20], but none that | am aware relating detectarieffty directly to a threshold for
quantum computing. This relationship would be of extrempantance in determining what the
requirements are for the performance of single photon tlet®cThe results presented here are
the first step in that direction.

As mentioned before, one would need to consider larger coddgferent error correction
procedures in order to be able to correct both erasures aredaerrors. Recently a large survey
of the performance of different CSS codes has been publi@®dand it has even been pointed
out how the[[23, 1, 7]] Golay code provides a better threshold for general err@ns the Steane
code. A modification of the simulation used to obtain the ltsqaresented here should be straight
forward, especially with the insights into how to performagure correction by using information
about the automorphism of the code. There is no compreleessindy of how different codes
compare for an erasure error model, although there haverhaey papers dealing with erasure
correction codes [1Z,13], so a survey of erasure threshallatsy the lines of[[29] could be
elucidating.

Although for the error model presented here it would be wswrable to choose anything but
a CSS code, for other error models that may have erasurey gatsmthe same may very well
not be true. A modification of the simulation could be doneeldlasn ideas on how to encode
stabilizer codes in binary string (presented.in [25]), bmwho modify the code to make it general
and flexible enough for different error models is more inealvA natural first step would be to
simply use general error models for gate and memory erroosparisons can be made between
known stabilizer codes and the CSS codes presentedlin [29].
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Finally, the most interesting aspect of this research, imomipion, has been the calculation
of the recursion relations by describing the erasure cbore@rocedure as a Markov chain.
An investigation into how to extend this work into the gethemraor model could yield precise
insights into what governs the relationship between dfiiécode parameters, such as the weight
distributions, the automorphisms of the code, etc. andriresholds obtained with that code.



Appendix A

Calculation for Z measurement Threshold

Following the procedure described in Sectiod 2.5, we t@ak® be the probability of & mea-
surement occurring due to teleportation failure.

The error free pattern, that is, a measurement pattern ght@iis an absorbing state, so the
only non-zero probability of transition is into itself — iing needs to be corrected. The same is
true for the uncorrectable measurement patterns, refgeskby thefail state.

Pr(i0) = 00 (A.1)
Pr(i/ffail) = 0 (A.2)
Pr(fail/fail) = 1. (A.3)

Regardless of what the current state, the probability ofembing a singleZ measurement is
given by the probability that there are no failusall is the correction procedure, that is, all
three teleportations succeed, or

Pr(success= (1 — €;)>. (A.4)

The probability of staying in an measurement pattern of tmesweight i) since any tele-
portation failure in the correction procedure preventsridstoration of the previous measured
qubit.

Many of the transition probabilities in the measurementeaxiion procedure used here are
zero. Exactly which transition are possible given the pdoce follows from some simple rules.
Given some& measurement pattern of weight
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e only one measurement is corrected at a time, resulting ineasaorement pattern of weight
i— 1inthe best case.

e otherwise, the weight of the measurement pattern can oatgase or stay the same (Mur-
phy’s Law forZ measurement correction).

Using general cases described here, we calculate all theeronprobabilities of transition,
omitting detailed description of how they were obtaineddi@vity. All probabilities of transition
equaling zero are omitted.

A.1 Transitions from weight 1 patterns

Pr(0|]1) = Pr(succesp (A.5a)
Pr(2)1) = G ) ei(1—ey)? (A.5b)
Pr(3)1) = %G) eZ(1—ey) (A.5¢)
Pr(failll) = %G) e?(1—ei) + ¢ (A.5d)

A.2 Transitions from weight 2 patterns

Pr(112) = Pr(succesp (A.6a)
Pr(3)2) = %(?) ei(1—¢y)? (A.6b)

. 1/3 5 3\ 3
Pr(faill2) = 3 (1) el —e) + (2) ef(1—ei) + € (A.6C)

A.3 Transitions from correctable weight 3 patterns

Pr(2]3) = Pr(succesp (A.7a)
Pr(faill3) = G) ei(1—e)?+ G) e2(1—ey) + € (A.7b)
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A.4 Initial distribution

Since we are only considering a single type of error — nanu@iypitentionalZ measurements due
to teleportation failure — this calculation is quite simplelding

Prj) = C) e(1—e)’7,j<3 (A.8a)
Pr3) = g (g) e3(1—ey)? (A.8b)

7
Pr(fail) = % (g) ed(1—e)*+ 2 ()7) e(1—e)”? (A.8c)



Appendix B

Calculation for Full Erasure Threshold

Following the procedure described in Secfiod 2.5, we talte be the probability of a full erasure
occurring, and to be the probability that a single detector will fail. Thengeal idea is to adapt
the procedure used for correctidgmeasurements and use it to corréotrasures, and use the
standard fault-tolerant stabilizer measurement of Seffi6.1 to correcK erasures.

The probability that there will be a failure in any of the dates in the measurement of the
ancilla (in the fault-tolerant stabilizer measurement) is

Pr(ancilladet) =1 — (1 —8)*, (B.1)

since allZ stabilizer operators of the Steane code have weighihe error free stat®, 0] is an
absorbing state, so the only non-zero probability of ttamsis into itself. The same is true for
the uncorrectable errors, represented byf#ilestate.

Pr([i,jl[[0,0) = 840050 (B.2)
Pr([i,jllfail) = 0 (B.3)
Pr(fail}fail) = 1. (B.4)

Regardless of what the current state is, the probabilityoofecting the single erasure we
were targeting is given by the probability that there are aitufesat all. In the case of axX
erasure, that means

Pr(succesX) = (1 — €,)%(1 — Pr(ancilla det)). (B.5)
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In the case of & erasure, we need to consider the qubit teleportation destin Figurd—4l4.
There we have a single entangling gate, €@ rotation abouZ ® Y, that like theCSI GN
is implemented through mode teleportation, so a photongswath the same probability;.
Then each of the two qubits is measured with an independebapility of failures. Thus, the
probability that a photon is lost in this teleportation iseg by

Pr(loss = e+ (1 — €) KZ

1)5(1 —6)4—62}. (B.6)

We also need to measure tBeerasure in order to apply the same correction proceduretag in
Z measurement, yielding

Pr(succes&) = (1 —8) (1 — Pr(loss))>. (B.7)

When attempting to correct, the probability of staying in the same stat&jssince any
failure increases the weight of the erasure pattern andrréemizes the phase of the qubit with
aZ erasure, while failure during the initial measurementdfarms aZ into alE. On the other
hand, when there are only full erasures an&anust be corrected (recall are always corrected
first, by design), in order to stay in the same erasure patéditrer only the measurement must
fail, the CSI G\ on the target failed on the data side, or €& GN failed only on the ancilla side

Pr(stayE) = (1 — e)®[(1 — e)?Pr(ancilladet) + e+ (1 — €)e] (B.8)

Many of the transition probabilities in the erasure colregprocedure used here are zero.
Exactly which transitions occur with non-zero probabijligpven the procedure, follows from
some simple rules. Given some erasure pattern describd byl wherem is the number of
full erasures and is the number oF erasures,

¢ the type of erasureX(or Z) that is most abundant is corrected first.

e only one erasure is corrected at a time, but when a full eeasworrected, it becomesZa
erasure, resulting iom — 1,n 4 1] in the best case. If Z erasure is being corrected, the
result isim, n — 1] in the best case.

e aZ erasure may be transformed into a full erasure if, when thé&sg)is measured in th#
basis, the detector fails.
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e failure during aZ erasure correction results in tEeerasure staying as 4 erasure, but
introducing full erasures in the other three qubits in thesygtem. Thus, only the number
of full erasures can increase due to failure durirg @rasure correction — by a minimum
of 1 and a maximum of 3.

e Failures during arX erasure correction results in the number of either typesasuges
increasing or stay the same.

Using the general cases described here, we calculate atiotivzero probabilities of tran-
sition, omitting detailed description of how they were obéal for brevity. All probabilities of
transition equaling zero are omitted, and the probabslidietransition to théail state are chosen
such that the probabilities of transition from any givertestum up tdl.

B.1 Transitions from [0,1]

Pr([0,0]/[0,1]) = Pr(succesg) (B.9a)
Pr([1,0][0,1]) = & (B.9b)
Pr([1,1]][0,1]) = (1—19) G) Pr(loss)[1 — Pr(loss)]? (B.9¢c)

Pr(12,1]][0,1]) = (1—6)%@)[Pr(loss)]z[1—Pr(loss)] (B.9d)
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B.2 Transitions from [1,0]

Pr([0, 1]|[1,0]) = Pr(succes#) (B.10a)
Pr([1,0]|[1,0]) = Pr(stayE) (B.10b)
Pr([1,1][[1,0]) = (1—€1)3<?)€1(1—e1)2 (B.10c)
Pr([2,01([1,0]) — (f)ea1——enzm-—enz (B.10d)
Pr((2, T][11,0)) = %CDeu1—eo%ﬁ)ﬁm-—a) (B.10e)
Pr([1,2]|[1,0]) = %(1—(-:1)3@)(-:%(1—&) (B.10f)
Pr([3,0][[1,0]) = %(;)6%(]_€1) (B.109)
(B.10h)
B.3 Transitions from [1,1]
Pr([1,0]|[1,1]) = Pr(succesg) (B.11a)
Pr([2,0]|1,1]) = & (B.11b)
Pr[2,1[1,1]) = (1 —5%@ Pr(loss)[1 — Pr{loss)]? (B.11c)
B.4 Transitions from [2,0]
Pr([1,1]][2,0]) = Pr(succes#) (B.12a)
Pr((2,0]|[2,0]) = Pr(stayE) (B.12b)
P2, 1)(2,0) = 2(1- em(f) el — e (B.12¢)

Pr[3,0012,0) — §<

3

]) el — e)?(1— e)? (B.12d)
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B.5 Transitions from [0,2]

Pr([0,1]][0,2]) = Pr(succes)
Pr([1,1]][0,2]) =

Pr([1,2]][0,2]) = (1— 6)%(?) Pr(loss)[1 — Pr(loss)]?

B.6 Transitions from [3,0]

Pr([2,1]][3,0]) = Pr(succes#)
Pr([3,0]|[3,0]) = Pr(stayE)

B.7 Transitions from [0,3]

Pr([0,2]][0,3]) = Pr(succes)
Pr([1,2][0,3]) = o

B.8 Transitions from [2,1]

Pr([2,0]/[2,1]) = Pr(succesg)
Pr(13,01|[2,1)) = ¢

B.9 Transitions from [1,2]

Pr([1,1]][1,2]) = Pr(succesg)
Pr((2,1]|[1,2]) = ¢

81

(B.13a)
(B.13b)

(B.13c)

(B.14a)
(B.14b)

(B.15a)
(B.15D)

(B.16a)
(B.16b)

(B.17a)
(B.17b)
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B.10 Initial distribution

The initial distribution can be computed easily by noting #imple facts that

Z(E(p)) = E(p) (B.18a)
E(Z(p)) = Elp) (B.18b)
Z(Z(p)) = Z(p) (B.18¢)
E(E(p)) = E(p). (B.18d)

Assuming that eaclZSI GN has two different failure modes — control and target faildree
first calculate the probability of getting full erasures foe desired pattern. Once that has been
calculated, we calculate the probability of gettib@rasures on the remaining unaffected qubits.
Following this procedure, one finds

Pr([0,0]) = (1—e)™ (B.19a)
Pr([0,1]) = (1 —el)7<]7)€1(1 —e)° (B.19b)
Pr([1,0])) = G) (1 —e)°(1—¢e)° (B.19¢)
Pr([1,1]) = G) e —€1)6<$) el —e)? (B.19d)
Pr([2,0]) = (Z) e?(1—e)’(1—¢e)° (B.19¢)
Pr([0,2]) = (1 —€1)7<§) ef(1—e)’ (B.19f)
Priis, o) = 5[ (3)et0-ent -] (8.199)
Pr([0,3]) = g :(1 —€1)7(§> e3(1 —61)4} (B.19h)
Pr([2,1]) = g (Z) e?(1 —e1)5<?) e(1— el)“} (B.19i)
Pr([1,2]) = g (17) el(1— e1)6<§) et(1— el)“} , (B.19j)
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and the probability of seeing an uncorrectable erasuremsplgione minus the sum of these
probabilities.
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